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By LesterLees

The presentpaper is a continuationof a theoreticalinvesti-
~tion of the stabi.lltyof the lamtnarbomdary layerin a ccm- *
pressiblefluid. An approximateestimatefor the minimm cti.tical
Reynoldsnuz!iber~ cr~n> or stabilitylimit,is,obtai.nedin terms

of the distributionof the kinematicviscosityend the productof

the mean density X and mean vorticity
d~w

acrossthe loundary
~

.layer. With the help of this esttmatefor R@a- , it Z$ shownW*
that witihdrawingheat from the fluid,throughthe solidsurface
5acrea8es @ cr~n and stabilizesthe flow,as ccauparedwith the

f~ow overan insulatedsurfaceat the sameMach number. Conduction
of heat to the fluidthroughthe solidsurfaceh= exactlythe
oppositeeffect. The value of ~ for the insulatedsuzzfacecr~

decreasesas the Mach numberincreasesfor the caseof a uniform ‘
free-streamvelocity, These generalconclusionsare supplemented
by detatledcalculationsof the curvesof wave number(inverse
wave length)againstReynoldsnumberfor the neutraldisturbances
for 10 representativecasesof insulatedan~ noninsulatedsurfaces.

So far as lsminarstabilityis concerned,an importantdif.
ferenceetistsbetweenthe case of a subsonicand supersonicfroe-
strmm velocityoutsidethe“boundaryLayer. Tho neutral170undary-
layerdisturbancesthat are significantfor hminar stabilltydie
out exponentiallywith.U.stancofrcanthe solidsltiface;thomforo
tho pha80VolOcity C* of thosedisturb_mcesis sulxmnicrektivo
to the free-strem velocity @ - or UO* - c*< ~, where a~K

IJO*
is the localsonicvelocity. When = =Mo< 1 (where ~ is .

ao*

free-streamllachnumber),it followsthat OS c$+~ C*mx; and eqy
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Mmhar boundary-layerflow is ultimate~ undable at aufficlentl.Y
highReynoldsnmbers becauseof ,thedes~abiliztn&!actionof vis-
cositynear the solidsurfacejss e@.+ned, by ?r%dtl fo~,me

inccmpresaiblefluid. When M. >1, ho~v?rj ~>1 .+>0.

‘ [,(+$)’ L== 1sIf the quantity

the rate at whichenergypassesfrom the

uofi- L9A0

largeenou@ negatively,

disturbanceto the mean

flow,whichis proportionalto
‘e [+ (=$$)l~=c: ‘=

altiysbe largeenou@ to counterbalancethe rate at whichenergy
passbdfromthe mean‘flow to the dislnmhancet)ecausoof the desta-
bilizingactionofiiscositynear.the soli~surface. Xn.that case
on.y“dampedUst&bencos existand tho lctinarbovndnryl%voris

J

coxpletdy stableat allReynoldSnumbers. This co~ti~ OOCUTS
when the rate at whichheat is withdrawnfrom tho flui~through
the solidsurface reachesor exceedsa criticalvaluethat aeponds
only on theMach numberend tho propertiesof th6 ~s. Calculi-

I

ttonsshowthatfor MO >3 (EJpyrux*) the hminar bou~~ry‘Mysr

-flow for thernmlequilib~ium- wherethe heat conductionthrou@l
the eolidsurfacebalancesthe heat radtatedilromthe surfs-co= is ‘
completely~tebleat allReynoldsniudkmsunderfree-fli@t conditions
if the free-streamvelocityis uniform.

,.
. .

.

P

The resultsof the analysisof the s%ldlity of the lcmirwr
boundarylayermust bo appliedwith careto discussionsof %ransi-
tion;however,withdrawingheat from tho fluidthroughthe solid
surface,for example,nat only increasesRg but EtbO

cr~
decreasesthe initialrate of smplif$cm.ticmof tho self-oxcitod

disturbances,whichis roughlyproportionalto
1/6”” ‘w’ “

tho effectof the themal conditionsat the solidsurfaceon the
traneition”,Re~oldsnmnbkr

‘etr ,
IS similarto the effecton ~

crtin”
A comparisonbetweenthis Gon’elusionAnd experi@q@J.inve@igations
of the effectof surfacehea”tin~jon transitionat low spceti~hows
tluitthe resultsof the presentpaper givet@ pr6per”d&M+ctionof
this effeet, ..,

The extensionof the resultsof the stabilityanalysisto
laminarboundary-layer,gas flowswit+ a pressuregradientin the 5

‘directionof tho free stioanis discusaod.

2
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3NERODUCTION

“.,.. By the theoreticalstties of Heisenberg,!I!oUmien,Schlichting,
and Lin (references”lto 5) and the carefulexpertientalinvesti-
gationsof Liepmanp(reference6) and H, L. llrydenand his aseo-
,ci&tes(reference7), it has been definitelyestablishedthat the
flow in-thehilnar boundarylayerof “aviscoushcmiogeneouqincom-
pressiblefluid is unstableabovea certaincharacteristic~itical
Re~olds number. When the levelof the disturbancesin the free

. streamis low, as in most casesof technicalinterest,this inherent
instabilityof the laminarmotionat sufficientlyhighReynolds
numbersla responsiblefor the ultimatetransitionto turbulent
flow in the boundarylayer. The steadylaminarboundary-layerflow
would.alwaysrapreeenta possiblesolutionof the steadyequaticms
of motionsbut this steadyflow is in a stateof unstabledynamic
equilibriwnstovethe criticalRe~alds number..Self-excited/dis-
turbances(ToKbnien~ves) appearin the flow,and.thesedisturb-
ances growlargeenougheventuallyto destroythe lsminarmotion.

The questionnaturallyarisesas to howfie phenomenaof
leminarinstabilityand transitionto turbulentflow are modified.

“when the fltidvelocitiesand temperaturev~iations in the boundary
layerare largeenou@ so that tho c~ressibility and conductivity
of the fluidcan no lonflerbe neglected..The yresentpapa?repre-
sentsthe soconaphese of a theoreticalinvestigationQf the sta.
bilityof the laminsrboundary-layerflow of a gas, in whtchthe
compressibilityana heat conductivityof the @ as well as its
viscosity,are taken intoaccount. The firstpart of this mrk ‘
was presente~in reference8. The objectsof this investigation
are (1) to duterminehow the stabilityof the 1~ bound~y
layeris affected.by the free-stroamllachnumberand the tkrmal
conditionsat the solidboundaryand (2) to obtaina betterUnder-
standingof the physicalbasisfor tho instabilityof laminargas
flows. In this sense,tho presentstv.dyis an extendon of the
Tollmien-Schlichtinganalysisof the stabilityof tho laminarflow
of an inccmrpressiblefluid,but the investigationis also concorned
with the generalquestionof boundary-layerdisturbancesin a
comyrossiblofluldend theirpossibleinteractionswith the main
externalflow.

SYMBOLS

With minor excopthns the symbolsused in thispaper am the
sameas thoseintroducedin reforonce8.’ Physicalquantitiesare

,

3
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..

denotedby an asterisk,or sttijwhereasthe correspondingnon-
dbmsional quantitiesare unstarred..A bar uvera quantitydenotes
mean Yalue;a primedenotesa fluctuat~~;tie ~smiPt o denotes
free-streamvaluesat,thp %dgeffOf tie b.o-~ lw=; tie eub-
Script 1 denotes,valuesat the:solids@a.oe; and the sub-
script c denotes,valuesat the inner‘criticallayertt,fiere
,thephasevelocityof the Mstur’banceequalsthe mean flowvelocity,
The free-streamvaluesare the characteristicmeasuresfor all non-
dimmisicmalquantities.l!hecharacteristiclengthmeaeureis tho
boundary-tiyerthiclmess 8, exceptwhereotherwiseindicated.
Note th~t in orderto conformwith st&i@d notation,the symbol &
for’lxmudary-la.yerthicknessis unatazn%d,itiereasthe synibols5*
“and“Q are usedfor boundary-layerdisplacementthiclniessand
boundary-layermomentumthickness,respoctivel#.

distancealongsurface

distancenomnalto surface .,

time .,

componentof velocityin fi+irocticm

componentof velocityin ~-dixection

Edm3amfunction

densiiyof gqs

‘pressureof.gas

for mean flow

temperatureof gas

laminarshearstress

mdfmary coefficient:ofvtsco~ityof gm ..

kinematicviscosityof &s
(~1+) ~

1}
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e

C&

thermalconductivityof gas

specificheat at constantvolume

specificheat at.constad pressure

gas constantper ~am

ratio of specificheats @p/cT); 1.405for air
.,

complexpliasevelocityof ‘boundary-layerdisturbance

wave lengthof

boundq2y-layer

boundary-layer

boundary-layer

wavenmiberof

boundary-layerdisturbance
.

thfckess

“ [0’-””’3Misplacementthicbess

momentm thzckn.ess
,. C[’%’’-v)wl

boundary-layerdisturbance (2Jt/?b*)

R ()
.—
PO* UO* 5

Reynoldsnumber
Q,“

—.
PO* UO* e

‘e=~
Mlo*

M. Mach zwmiber

,(-)””

o

& .0‘

5
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1. PmLmARY

In the firstphaseof this investigation(reference8) the
stabilityof tho laminarboundary-layerflow of a gaE is analyzed
by the methodof smallperturbations,whichwas alreadyso auc-
ceasfulllyutjlizedfor the studyof--thestabilityof the laminar
flowof an Incompressiblefluid, (Seereferegce5.) By this
methoda nonsteadygas flow is investigatedin whichall physioal
quantitiesdifferfrom theirvaluesin a givensteadygas flow
by smallperturtatiomthat ar~functionsof’the time and the spaoe
“coordinates.This nonsteadyflowmust satisfythe oompletegaEl-
dyo.amicequationsofm@ion and the fs~ebou@ary cmditions EM
thelgivendxmdy fi.ow.The questionis whetherthe nonsteadyflow
dampsto the steadyflow,oscillatesaboutit, or divergesfra it
with time - that is, whetherthe smallperturbationsare damped,
“neutral,or self-exciteddisturbancesin time, @ thuswhether
the givensteadygas flow is stableor unstable. The anal.yslsis
particular~ cohcermd withthe conditionsfor tho existenceof
neutraldietwbances,whichmark the transit3.onfrom stableto
unstableflow and definetho minimumcriticalReynoldsnumber.

~ orderto bringout someof the principalfeatur~sof the
stabilityproblemwithoutbeccminginvolvedin hopelessm?Ahe-
maticalcomplications,the solidboundaryis takenas two dimen-
sionaland of negligiblecurvatureand the boundary-layerflow 3.s
regardedas planeand essentiallyparallel;that is, the velocity
componentin the directionnormaltmthe surface“isnegligibleand
the velocitycom$mnentparallel-tothe surface3.sa functionmainly
of the tistancenorml to the surface. The smalldisturbances,
whichare also two dimensional,are analyzedintoFouriercom-
ponents,or normalmodes,periodich-the directionof the free
stream;and the amplitudeof eachone of thesepartialoscillations
is a functionof the distancenormalto the solidsurface,that

is; @.1 ia(x-et).~f(y)e .

In the studyof the stabilityo$’thelaminarboundarylayer,
it till be seenthat onlythe localpropertiesof the ltparallel’t
flow are significant.To includethe variationof the mean velocity
in the directionof the tiee streamor the velocitycomponentnorm?-

.

●

.

?
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to the solidbomdary In the problemwouldlead onlyto higheromier
termsin the differentialequationsgoverningthe disturbance,
since~oth of thesefactors~re inverselyproportionalto the local
Reynoldsnuniberbased m the boundary-layerthicbess. (See,.for
example,reference2.) By a carefulanalysis,%etsch has shown
that evenwith a pressuregredientin the directionof the free
streamthe localmean-velocitydistributionalanedeterminesthe
sta~ilttycharacteristicsof the lccalboundary-layerflow at
largeReynoldsnumbers(reference9). Such a statementapplies
only b the stabilityof the flqw withintb3 boun~ layer. For
the interactionhetweenthe boundarylayerandamEti ‘externalYt
supersonicflow,for example,it is obviouslythe variationin
boundary-layerthicknessand wan velocityalongthe surface.that
is Significant.(Seereference10.)

The aforementionedconsiderationsalso lead quitenaturally
to the studyof Individ@l.partialoscillationsof the

form f(y) of~~x-et) for whichthe dtfferentislequationsof
disturbancedo not c&ain x and t explicitly.Those partial
oscillationsare ideallysuitedfor the studyof instability,for
in orderto show that-aflow is unstableit is unnecessaryto
consider.themost generalpos~ibledisturbance;in fact:the. simplestw5.11suffice. It ie onlynecessaryto show thata
particulardistmrbancesati.sfying the eqpationsof motionaniithe
boundaryconditionsis self-excitedor, in this CS.SO,that the. ,. ima@nary pprt of the complexyhasevelocity c is positive.)

h reference 8 the differentialequationsgoverningone
‘normalmode of the Usturbances In the Lam3marboundarylayerof
a @S were dert~edand sttied very thoroughly.The completeset
of sulutims of the disturbanceequationswas obtainedand the
physicalboundar~conditionsthat thesesolutionssatisfywere
investigated,1% was foundthat the finalrelationbetweenthe
.Valuesof c, a, and R that determinestinepossibleneutral
disturbances(lim!tsot stability)Is of the sameYorm in the
Compmxmible fluidas in the incoqmessiblefluid,ti a first
ayproximation. The basisfor”this resultis the fact that for
RoYT@ds numbersof the orderof thoseencounteredinmost aero-
*TM?ELCproblems,the twqxmatum disturbanceshave onlya negligible
effecton thoseparticularvelocitysolutions“ofthe ti”sturbance
equationsthat dependpr~lly og the viscosity(V5XCOUSSOIU-
ttons). ’20a,f~~t approximation,themetiscohssolutionsthere-

. foro do not dependdirectlyon tho heat conductivityand are of
the sameform as in the Incompros,siblefluid,exceptthatthoj
involvethe Reynoldsnumberbased on the kinematictiscositynear

. tho solidboundary(whorothe viscousforcesaro important)rather
than in the frcm stream. = this firsta~pro-tion, the second

7
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viscositycoefficient,whichis a measureof the dependenceof the
pressureon the rate of changeof densityjdoesnot affectthe sta-
bilityof the laminarboundarylayer. llm?ntheseresultsit was
inferredthatat largeReynoldsnwnbersthe influenceof the ~~ecous
forceson the stabilityis essentiallythe sqmeas in an incom-
pressiblefluid, This lnfe~ienceis borneout by the resultsof the
presentp6per.

Theinfluenceofthe inertialforceson the stabilityof the
laminarboundarylayeris reflocte~in the behaticmof the asymp-
toticinviscidsolutiotiof the tisturbancoequations,whichare
indepon~entof Reynoldsnmber in firstapprodruticm. The results
obtainedin reference.8showthat the behaviorof the inertial
forcosisd.ominatodby the distributionof the productof tho mean

dw
tlensttyandnman vcwticity p— acrossthe boundarylayer.

Wd dw
(The

()
gradientof this quantity,or —— p— , tiich,playsthe samerole

*W
as the gradientof the vor-bi.city-inthe case of an,incampromxlble”
fluid,is a mea.suroof the rato at whichthe x-momentumof tho ~
thin layerof fluidnear tho criticallayer(vhere w = c)
increases,or d@roasos, beta.usoof tho trensyortof momentumby
the Msturbance.] In ordorto clarif~e behaviorof tho lnortial
forcos,the limitingcaseof an Inviscidfluid(R+~) is atudiod
in detailin roferenco8. The followinggeneral,criterlonsare

obtained.
()

(1) If the quantity !-p% vanishesfor mmmvalue

of w>+: thenneutralandself-@xcitedsubsonicdisturb- “’
o

ancosexistand the in~iscidc-essible flow i~ Unstable.

()
(2) If the quantity : p: doosnot vanishfor somevalue

.
Ofw> l.+ thenall SUQSOPACMsturbancesof’finitowave

lengthare =ed and the inviscid~~resslble ~low is stable. ~
(Outsidotho boundarylayerjthe relativevelocitybetween the moan’
flow and the x-co~onent of tho phasovelocityof’s subsonicdis-
turbanceis 10SS thanthe mean sonicvelocity..Tho magnitudeof
sucha d3.st@%anceties out mpnential.lywith djJWancefrom the
solidsurfs.co.,)(3) In gonsmlj a dichurbancogains oner~ frbm

[c!!(whore w =,c) and 10SOSpnergyto the moan flbw if ~ p: <O.

*C
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The general6tibiiit~,mj$gtiio~,,Xor

~low dve some insight.intotie effectof

. . . .

intiscfclco~resslble
,the inertialforceson

thb s~hility, but ~ey cannotbe taken”overbodily+JOthe’real
conprossiblefluld.,~Of .courseJZ$’s flow is ~~ble ~n we .
Minitingcase:ofan infiniteReynoldsnwberi the flow is -table
for a cmrttinfinitertige.D2 Re~l.ds’nimiber.A Compressiblefl~
th~’tis stablewhen R + ~, hoyever,is not necessarilystable
at all~finiteRe~ol~ nurdmrsytienthe effectof viscosityis
takeninto,ac~ount,.O~e of the.objectsof the““~esmt-paperis. .
to settlethis question. ... . . J.,, ,.

,. ..... . .
On’the basisof the stabilitycriterion;‘obtainedin refer-

cnce8, sane gener~lstatementswbro~de c~nce@~ -we effset of
thalaalcbndltionsat the solidboundary~on the Stability““of’laminar
bo@ary.layer flow. It i~ concluded&om P@ical measohfngand

()
a studyof the equa~i.ons”ofjnoanmotfonthat tho quant~ty:~ P-,. q. :.,.’ .,,

.()

a. ‘<.’~ ~; .“i:.~f
vanishesfdr somevalueof w > C HZ

%,= ‘ >. . ..

bilizedby the actionof”tke Inertialforcesbut,stabilized ~~,
tkvouglithe inc~edsdof kinemtic Vfs.ccwityn-, the SOlidflWfaC.e.

()

a. “>* “’ ...
When , the reverse.istrue.” The’gtistionof’whichof ~

GL

these effect~ 2S“~re~’~~tit.C* %e answeredonlyby ftither,study
of the stabilitypyobl$rn‘ina reaJ.compressiblefluid. , ...

./:
,’. ,, .,

h the”preeejtpay?;,thi&~nvest$gatton.i~bo@inued alo~”tie
following,,lines:, :” ‘- ‘. :“ ‘“:’

..”., ,“ ...,,.,
,. (1) A E@.@ is‘tide~f how th~ gefieralcrit&?ions.for inf3~a-

bilityin an.inviscidc@n?bssiblefluld.kremcdifiedby thq .
introdi@ion,ofa -11 wlscoslty(stabilityat,vo~ylarge. ..
Reynoldsgpqibers}~ ~ ~:- ~

;..
.“

9
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(2)The conditionsfor the exietenceof neutraldisturb
antesat largeReynoldsnumberare examined(studyof asymp-
toticform of relationbetweenelgen-val-uesof c, a, =d R)-

(3) A relatively simple expressionfor the approximate
valueof the minimumcriticalReynoldsnumberis derived}.
this expressioninvolvesthe 10C.4Ldistributionof mean
velocityand mean temperatureacrossthe boundarylayer. This
approximationwill serveas a crlteiiionfromwhlghthe effect
of the free-streamMach numberand thermalconditl~s at the
solidsurfaceon the stabilityof lsminarboundary-layerflow
is readilyevaluated.The questionof the relativeinfluence

of—thekinemntfcviscosftyand the distributionof @ ondy
stabilitywouldthenbe settled.

(4)The ener~ybalancefor smalldisturbancesIn the rd.
compressiblefluidis consideredin an attemptto clar~fythe
physicalbasisfor the instabilityof leminargas flows,

(5) In order to fw?l~ent the inv-ttwtions OUtlined .
In the fourpzecedfngparagraphs,detailedcalculationsare
tide of the llmitsof stability,or the ciu’ve”ofa against R
for the neutraldisturbancesfor severalrepresentativecases
of insulatedand noninsulatedsurfaces. The resultsof the
calculationsare presentedin figures1 to 8 aniitablesI
to IV. The methodo~computatfono~the statilitylimitsis
brieflyoutlinedM reference8, althoughthe calculations
were not carrfedout in thatpaper.

In th?present investigationthe work of Heiepnberg(refer-
ence 1) endLin (reference~) on the”etabil.-ityof a real incom-
pressible,fluidIs naty.rallyen ~ndispensableguide. In f+lbt,.the
methodsutfllzedin the presentstudyare analogousto thds”o“
developedfor an Incompressiblefluid.

The presed paperis concernedonlywith the subsonicdisttirb-
antes. The amplitudeof the subsonicdisturbancedies out rapidly
with distencefrom the solidboundary, In otherwords,the neutral
subsonicM.sturbsnceis am l’elgen-oscillationl’confinedmainlyto
the boundarylayerend existsonly for discreteeigen-valuesof c, -
a, and R that determinethe limitsof stability”oflaminar
boundary-layerflow. Disturbancesclassifiedin referenoo8 as
neutral~tsupersonlc,t’that is, disturbancessuchthatthe relative
velocitybetweenthe x-componentof the phasovelocityof sucha
disturbanceand the free-streamvelocityis greaterthen the local
mean sotqdspeedin the free stream,are actuallyprogressivesound

.

.
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wavesthat fmpingeobliquelyon the bcunderytiyerand are reflected
. with changeof amplitude.For disturbancesof thist~e the wave

lengthand.phasevelocityare obviouslycompletelyarbitrary(eigen-
values~e cotitinuous), and thesedisturbanceshave no si@ficance
for boundary-layel’stability.

When the free-streamvelocityis supersonicf% > 1’), the
subsonicbountiry-layerdisturbancesmust satis~ the requirement

that Uo*-c* <~* or c>l-~ (for 1~<1, c~O). NOWj

by analogywith the case of an inc~resstble fluidIt is to be
e~ected that Sor valuesof c greaterthan eon criticalvalueof co,
say,all subsonicdisturbancesare damped..Thus, when k!. > l.}
thereis the possibilitythat for ce~tatnmean velocity-temperature
di~tributionaacrossthe bouudarylayer!ncndwalor ~elf-excited
disturbancessatisfyingthe ditferen%ialequationsof motion,the

1
boundaryconditions,and,aWo,&e physicalrequirementthat c> l-~

%
crumotbe found. Xn that event,the laminarboundaryflow is stable
at all Re~olds numbers.LTM,s fiterestingpossihi.tityis lnvestl-
gated.in the yresentpaper.

2. CALCULATIONOF TEE LIM3XSOF SIXKCLITYOF TEE -AR

BOUNDARYIAYE!3IN AVISCOUS COIIDUCTIV32GAS
,,
.. . .. .

E orderthat the completesystemof solutions-oftie differ-
entialequattonsfor the proyagatio~lof smalldisturbancesin the
laminarboundaryliayershqllsattsfythe @ysical boundarycondi- -
tions~the phasevelocitymust i!.epcmdon the wave length,the
Reynoldsnuuibfir,and the Mach numbm?in a mannerthat is determined
entirelyby-tholocaldistributionof mean velocitiyand mean tempera-
ture acrossthe boundarylayer. .Inotherwords,tho onlypossible
submmlc disturbancesin.tho laminarbounlarylayerwe thosefor
whichthereexistsa definiterolatio?of the form (referOnce8)

~= (c a, R, MO*) (2.1)
. .

Since a} R,

equivalentto
and.MO*are real qwintities,the.relation(2,1)is
the two relattons

Xl.
\
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(~ WY R) MOQ)
(Z.111) .cr*o

c,= Cl(a,R, %2) ‘(2.lb)

( W&o (ma=The curve cl % 42 %’)) for the neutral

disturbancesg!.vesthe Mmi%s of stabilityof the 1- bounm
layerat a givenvalueof the Mach WDIWW - From ~is c~ve Cm be
determinedthe valueOY the Reynoldsnumberbelowwhtchdisturbances
Or all mve lengthsmm dmped and aboVe@oh se~-e~i~ed ~sturb-
ancesof’certainwave lengthsappearin a givenlaninarboundary-
layerrlOw.

ti reference8, it iG
the phase,velocityand the

shownthatthe relation(2.1) between
WW7q lengthtakesthe fo~o’tig f-:

E(i c,!&)=F(z) (2.2]

In equation(2.2), F(z) ia %lm TietJensi’m.t:m (referenceU)
deftiedby the relation

F(z),=1 +-

where

( -‘)
&wG? w

z = (Yc “ h)%
. (2.4)

(1) iS the ~qnkelfunctionof’tie first.kindand.the quantity Hi/3 ,,
of order 1/3. The I@ e dexxdm differe.ntiatimtithrespect
to y. Thef~c~~o~ E?~~~~Mo2)J *~cha~~~~~~on~e

12
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asymptoticinviscia.solutions ql and ~ (sectim & of refer-

ence8) and not on the Reynoldsnumber,is def~aed as follows:

i ———

I TI’ -Mo2~2

where

}:

(2.6)

and y
1 @ 3’2 am the coordinatesof the so+id..surfacema the

?-m of the 3ouiiy &yer, respecti~ely. ,,

The Tietjensfuncttonwas carekly recalculated.in reference8,

and the real an~ ima@nmy parts of the function Q(z) =
1

1 - F(z)
am plottedin fi~ze 9. (Thefunction Q(z) is foundto be more
suitablethan l!’(z)for the actualcalculationof the stability
limits.)

serim in a? as follom(section9 of reference8):

. .

13’,..



.

(2.7)

(2.8)

where’for n ~ 1

and

ho = 1.0

mdfor n~l

)/[%+l(Y;‘)%)2= y -s.- “ Id’M: qw- C)’2

~1 (w-C)2
~ ~-I(Y; c, Mo2)dy (2.M)

~yl

%( )y;C, & =
[

T—.
1

Jfo2 Q
(w - C)2

The lower lfmitIn the integralsis takenat tl.e.mrface merely
fop conveni=ce. When y > yc, the tith of integrationmust be

takenbelowthe point y = yc in the complexy-plane. The powr

seriesin a2 are thenuniformlyconvergentfor my finitevalue
of CL,

.

.
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A% the surface,the invtscid.solutionsare readilyevaluated

Qu=.c

~1
911’ = .1

1

(2.si.)
921 = o

‘1
~21’ = -;(

T1 - M02C2)

At the ‘redgenof the boundarylayer,the imiscld solutionsa~e.
most convenientlyexpressedas fol.lows:

=s
.

,. ,,

“~12‘
[

S-(l-C) 1-

‘MO,(l- c),]~:%a.,.’’o~)

(1 - C)2

[

1-

%2y=(1-C)
“ ‘02(1-q~;~~, ,,:)

(1 - C)2 n=o
.

,(2.12)

,



MACA TN No. I-360

Ho= 1.0

:

%.1(CJ “0$=

q~,M02) =

1-1. &(l- Cp “-
(1. C)2 ( )hmi Y2; c) M02

-1
1- ,1M02(1- C)2

(k’s’213.+L‘2; c’ ’02)
(3.- c)~

lro= 1.0

.

.

. (2.13)

.

,

{ )With the afd of equations(2.11);the e~esston for E al c, M02

can be rewrittenas followst

( ) 1 (q’ 922’+ B!?=)-
12a, c,M02= —. — (2,14)

1 +A(c)

( )+?(
WIJ q=’ + Pqz 912‘ + %2)

where
●

✍✎✌
✎✌✎

✌✌

--)WI ‘(Yc - Y1
L(c) = — -1

c
(2.15)

The relation(2.2)betweenthe phasevelocttyand the wave length
is brou@t”into@ formmore s~table for thecelculmtio~of the
stability’kbnitsby makinguse of thefact that for real-values

( )of c the imaginarypart of E a, c, M02 is contributedlargely

.

16
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by the integral.KL(c,M02); (The procedureto be followed.is
identicalti.ththat usedby Lin in the limiting‘case”of
the incompressiblefluid (reference~, part III).) Definethe
function Q(z) by the relation .

Q(z) = 1
1 -F(z)

Then,

where

U-tiv=$l+
.:;~:::%j .

Equation(2.17) is equivalentto the two real relations

(j.(z)=.!.

or(z) = (1+

The real and.5mw@Mzzy parts
ftgure9.

(1 -I- X)T

(1+ XU)2 + ?U%2

x)

of

(2.16)

(2.17]

(2.19)

(2.20}

0(z) are plotteda~inst. z in

% The dominantterm in the imaginarypart of the right-handside

( %’)}of equation(2.18),whichinvolves K1 c, is eti=racted“bymeans
Gf strai@t~orward elgebraic $ransfg~t ions. Relation(2.18)becomes

17 .
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u+ iv=

1.

g“f,++f-a+)

uhore

‘When c .iareal,

[2.21)

for thosevaluesof u end c thatocourh the stabilitycalculation.“ (This
@Mfied laterin appendixA.] !L’he~@mry partofthe integralKl(c,%2)
It 1s foundthet

(2.22b)

.
i:
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md. WI

G .F- *C.
.... . .,

,.. . . ,“.,,

. .

()Tc wj. TCZ ‘ :
= -lc~-——. —

( )
,(2.23)

WC.*2W’T
‘*.c c

Now A(C) is generally quite small,tthorei’ore@i(z) can be
takenequalto v(c) and #r(z) can be taken equalto u as a
zerothapproximation.Fmm equations(2.19)and (2.2o),when c
is real

~p)(z(~)) XTil‘C Tc ( ),
n

*C Tc?
=-T=————— .—

‘1 ()WCC L? WCY rJ”
c

,.

(2.24)

By equation(2.24), Z(*) is related‘~ c with the aid of figure9;
,-.

and by eq,u.atfon(2.27), UI’~ 2S alsOre~ted to ~, me ~mtity ~
is connectedwith c by means of the;identity

u,C ()zwl
r3

‘aII ==, —“
“ W=ql + @ c

and the c-orrespon~~valuesof u ar6”obtained
(slightlytransformed.)by a rne$hpdof,successive

(2.26].“

flmm equatton(.2.21)
approximdions.

., . . .
. . . . .
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Thus,
i- .“ \ -t

where
,, ,’

WI*C ( )
.,

“T~
.TJ= —R,S’. K1+—

‘1 Wltc

(Thes@bols Mk and ~ now designetetho real>arts.of the
integrals Mk @ Nk.) The iterationprocessis”-be~ by taking
a suitabl~initialvalueof a on the ri@t-hm~d side of oqua-
tiOn (2.27). The methodsadoptedtor ccmpwtingtilleaolnte~als
when the mean velocity-temperatureprofileW knownare described
in appendlxeaA to C.

.. .
For greateraccuracy:the valuesof z

real valueof c are ccnqputedby wccessive
eq~tio~ (2,19)and (2.20~,

end.u for a given
approximatiorm.I?rcml

{2.27)

,.,

(2.*)

.

.

1-

The valueof v is alwaysapproxinwtodbyrehtion (2.24), .

Curvesof tiven~bor againstRe~olde numberfor the neutral’
.

disturbancehave been calculatedfor 10 re’pre~entativecases
(fig.4), the% is, insu.latodsurfaceat Mach numbersof O, O.~, , ~
0.70,O.gO,1,10,and 1.30 and heat transferacroasthe so.12dsurface

20



at a Maoh numberof
ture to free-strean

,, .! .:..,.
N~~ m No: @O
. ,,

0.70wit bv&G of the ~atioof s~face ttiera-
tm~tme Tl ‘ofO.~0,0.80~0.90,and 1.25.

(It is foundmore desirableto has; the nondimensionalwavenumberand
the Reynoldsnumberon the momentumthickness G, ~~ch is a direct
measureOf the d%u friction,ratherthan on me bo~mdarY-@er thi~-
ness 6, whichie scmswhatindefinite.)

h figure 5 the minimsmcritical Reynoldsrn?niber~ or
or~ny

stabilitylimit,is plottedagainstMach nuuiberfor the insulated
surface;and in figure6(e) P@ Is plottedagainst”Tl for “

~min
the cooleaor heatedsurfaceat a Msoh numberof 0.70. The ~ked
stabilizinginfluenceof e ti-thdrawalof heat from the fluidis
clearlyetident, Discussionof the physioalsignificanceof these
numericalresultsis reserveduntilafter generalcriterionsfor
the stabilityof tho lamtnarboundarylayerhavo teen obtained.

3.“DESJ!AJ31LIZD!TGIl?FIZENCEQ??VTSCOSZFYAT T?ER%LARGEEUTYNOIJE

the

NUM6ERS;EXZENSIONOF HEZ3ENBERG!SCEU3Z!RION ‘

TO m CO!NI%XSSIBIEI!’ii

The numericalcalwlation of the limitmof stabilityfor several
particularcasesgivessow indicationof the effects.of free-stream
Mach numberand therma,lconditionsat the solidsurfaceon the sta- -
bilityof th~ leninarboundarylayer. It wouldbe ve~ desirable,
however,to establishgeneralcriterionsfor laminarinstability. .
For tho incompressiblefluid,Eeisenberahas shownthat the influence
of.viscosi.tyis generallydestatillzi~at v~ry largeRemolds
nwabers(reference1), IIiscriterioncan be stat~a as follow: 3Z’
a noutrbl,disturbence of nonvahishingphasovelocityand finitewave
lengthexistsin ti inviscidfluid (R+m) for a givenmoan velocity
distrilnztion,a disturbanceof the saw wave length2s Imstablo,or
self-excifjed,in the real fluidat v~ry large (butfinite)Reynolds
nmnbors.

The same conclusionoan bo drawnfrom Prandtl’sdiscussionof
the encmgybalancefor smalldisturbancesIn the laminarboundary
layer (referenceLn). “

- Heisanbergfscriterionis establishedfor subsonicdisturbances
in the laminarboundarylayerof a compressiblefluidby an argymnt
quites3milarto thatwhiohhe gave originallyfor the incompressible

. fluidand which%W latersuppknmntedby Lin (reference5, part III).

21
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..7,,’

At very largeRqnolih numbers,the relation(2.L) betweenthe phase
‘velocityand the wave lex&thcan Ije6~si’dera.bl$”s~Lifted.When k
is fl~te and
numbers. The
ao ~zt-+al

c does mot vanish>
asymptoticbehaviorof
is givenby”(reference

(J’1.

.,,

.

,.. .

and the relation(2.1.)bec~s “ “’ T

Supposethets neutr.a’ldisturbanceof nonvtiishingwave

(3.1)

(3.2]

, ~~ 1number as =.-- and phasevelocity CS > L - — existsin the’
hs. Mo

inv,iscidfluid fl~ting caseof an infiniteRefiohls.number). The
phaseYelocity,c 2s a continuousficti,onof R, and.fa’ ~ die.
turbqneeof’Givenwavenumber ~ the ~al.ueof. c at very large

,, Reynoi.M.numbers-willdifferfrcm’c~ by a smallincrement .Ao.

Both ddea of equ~td’on(~.@)can km developed2D a Taylor1ss’cries
‘in ‘Z?ic:and an

(.E1q, Cj

,. .1,.
. .

expressionfor Ao can be-”obtaineda~ follows:

(3.3)
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.

.

.

.

The boundarycondition .

(’3.4)

must be satisfiedfor the inviscianeutraldisturbance,and the

(function El as, cS,M02)

.
vanishes,(equation2.14). Recognizing

that

reduces equation[3.3) for AC to the ~orm

xi./4
AC=

From”equation(2.14),

(3.5)

23



BY equatilone(2.12) and thebomdary condition ()(3.4),thequantity~ ie avaluate(l
%%

8s i%l.lows:

ti

T&Ieretheprlmm now denutediffercmtiationwLthrespectto c.

.()
‘aE’

‘-ti* z
ca~wa

. . ,

la GImn approrircatelyby therelation

# . . ,
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and the e~ession for Ac is

Evaluationof the integral K&, yieldsthe followingresult:

T1 ‘m Q

[01

a W!
Kl@, Mo2)=-v+~ — —

~C,3QT
()

(kc-
1“

ix) + 0{1) (3.10)
W2C

[01
~t

Sincethe quanttty ~ — Vaniahes(reference8J,tiffer-
dyT

w=c~

entiationof equation(3.10)gives

.3\

. (3.il)

Thus, ‘ C~,M025( )
is approximatelyreal end positivefor small

VQhX Of Cs. With C~ >1 -~, I.P.Ac must alsobe positive——
0

(equation(3.9)];therefore,a subsonicdisturbanceof wme
length k~ ~0, whichis neutralin the inviscidcompressible

fluid,is self-excitedin the real cozqpressiblefluidat very large
(butfinite)Repolds number..

25
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h refermce 8, it was provedthat a neutralsubsmic boundary-
Myer Us.turbanceof nonvanishingphasevoloct%yand.finitemv@
lengthexistsin an Lnviscidcompressiblefluidonly if the quan-

()

&%-
% P—

‘ity w Q
vanishesfor somevalueof’ w> 1.- ~. If t~s

o
conditionis satisfied,,then self-excited.subsonicdistuz’bancea
also existin the fluidfand ‘he lmkhmr boundarylayeris wstable
in thelimiting caseof an.infiniteReynoldsn-or. By tho exben-
si.onof IRxLsenbergtscriterionto.“thecompressiblefluid,it can be
seenthat,”‘farfrom stabilizingthe flow,the,smallviscosityin
the real fluidhas,on the contrary,a destabilizinghfluenco at
very largeRqmoMEI numbers. Thus, any laminarlmundary-layerflow

()

a dW
in a viscousconductivegas for whichthe quankity - p— vanishes

w .@
1

for somevalueof w >1 ..7 is unstabloat sufficientlyhi@ (but
A*Ao

finite}Reynoldsnumbers.

Unlet3sthe condiii~ .d—@J!
)@ ~v
=0 fdrscme valueof w>l -

is sati.efted,an subsonicdisturbancesof finitowavelengthare
dampedin the limitingcaseof infiniteReynoldsnumber,end the
inviscidflow is stable. SillC~the OffeCtof viscosityiS tis-
tabiliztngat very largeReynoldsnumbers,however,a kminar
boundaryflowthat is stablein the limitof infiniteReynolds

.

nuniborisnot necessarilystableat lar
T

Reynoldsnumberswhen the.
vtscosityof the fluitiis considered. S00 ftg.4(ZJ.) In fact,
for the incompressiblefluid,Lin has shown.that ove~ kmi.nar
boundary-laycwflow is urmtabloat sufficientlyhighReynoLds

llzwnumbers,mhwthoror‘notthevorticitygradient — vanishes(refor-
.’ ~2

ence 5, pax% XXX). In orderto settletlrh!questionfor the cozn-
prossiblofluidin gcneml -terms,tho relation(2.1)botwoonthe
complexphasovelocityand tho wave lengthat lar~oICeynoldsmmibers

()

&wmust now be studiedfor flowsin whichtho quantity ~ P—
%$ w ‘OOs

not vanishfor any valueof w >1 . ~.
M*

,.,.

26
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r

The neutralsubsonicdisturbance’marks a mssible “boundar~”
between the damped@ the self-exciteddistm%ance, that 1s, -
betweenstableand unstableflow. Thus, the general’conditions
umlerwhichself-exciteddisturbancesexistin the laminarboundary
layerat largeRe~olds numberscan be detemuinedfrcm a studyof
the behaviorof the curveof a against R for the neutral
disturbances,When the mean free-streamvelocityis subsonic (Me<o>
the physicalsituationfor the subsonicdisturbancesat large
Reynoldsnumbersis quitesimilarto the analogoussituationfor
the incompressiblefluid. The curveof a against R for the
neutraldisturbancescan be e~ected to have two distinctasymptotic
branchesthat enclosea re@on of instabilityin the a,R-plane,
regardlessof the localtlistributionof mean ve$ocityand mean
temperatureacrossthe boundarylfiyor.When the-meanfree-stream
velocityis supersonic

(“o> 1,
the situaticnis somewhatdif-

ferent;undercertainconditions(soonto be defined)a neutral

or a self-excitedE@soni.cdlsturlmnce

(’%)

cannot exist

at any valueof theReynoldsnuziber.For this reason,it 3s more
convenientto studythe case of subeo-nicand supersonicfioe-stream
velocityseparately.

a. SubsonicFree-StreamVelocity
(“o< ‘)

‘Theasymptoticbehaviorat largeReynoldsnmibersof the curve
of cf..against R for the nbutraldisturbancesis detemimd by
the relations(2.19)to (2.22)between a, R, and c fcm real
valuesof c. For smallvaluesof a and c, theserelations
are givenapproximatelyby

SWltc TC2
v(c) = QJZ) = E--G!!d Wt

--— -.,
‘1 ~t3&#()c W=c

.

(4.1)

u = or(z) (4.2)

2’7
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a= +w-=i?(~ .

(4.3)

(4.4)

e.dclttkIf’ z remdns f’inite as R-+=; then c +0;
and by equation(4:1)~ @i(z)eO. Therefae, z+ 2.29 while

u—.2,29 (fig.9). From equaticms(4.3)and (4.4),alongthe
lowerbranchof tilecwrveof a against R for neutralstability

~= (06 -M02)3’21—.— —

c z 2.29-rn—

l’.?

a

1-%2

(4.5j

(4.6)

and a--+O at largeReynoldsnumbers(fig.~(~)).

.

.

—



does not vanishfor my val.tieof w> O,
c m~~approach zeroas 2+-. Along

thenhy equation(4.7)-
tlxtsbranch,

.

,,

CXi$Z?a
and d-+ O at largeRemolds nwibers(fig,

oa. Wt
On the otherhand, if — —

ayT
vanishes

1

7-”
a

.,

of W4.CS>O, thenby equati2ui(4.7), c ~c~ and a+a~

es ~ z and R approach ~. NOW,

(4.8)

(4.9)

w)l.c’k’)].7+{R-jl-[%)l?}:-+*j ●

[%71

# .

lf a. +-,

(4.10)

does notvanish(seea~kndix D), then by eq,ua-

‘tiona (4.4) and
against R for

(4.7),alongthe upperbranchof the cirrveof &
the neutraldisturbances,

29
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. .
1“” ““l’ “1

.

(L.11)

.-
WqIc ,“J.

i
—l- M02(1 - C)2
‘1

and c.--.+c~+o, a+ag +

[ o#?W,

ati,f+(Z}).If — ——
dY2T”1

by

0 at largeReynoldsnumbers.(figs.L(k)

the relddcm (k.11)is replacedvanishes,

2(W1910 1 1
.—

(fxc~C* - C$)2 ‘
(4.13)-

whichre~ucesto the relationobttinedby
of an incompresstbl.efluid’when~o+O,

..- ipsulate~and $1 = O ‘for’somevalueof
tion (12.22)ofreferbnce~, part ZII.)

Lin in the limitingcase
the solidboundaryiQ
W=c S>O* (Seeequa-’

d

()

w?~ the q~tity — — ~~ishes at
dyT — the solidboundemy(that

is. for w= 0),

(apyendix D) that

it canbe shownfrom the equaticmsof motion

[ 01

~2 ~, ,
—. is alwayspositive. exceptin the
dy2 T,.

.—

.

limitingcaseof an inccmpres~iblefluid..For ~~ valuesof y,

posittveand increasing.

.“
.

30
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~t
For largevaluesof ‘y, homver, ~— +0, ph~icdlY; there-

fore ~
()

d- Wt
#

must have a maximum,or — — = O for,”somevalue
,“ dyT

of W>o; and this case 3s no differentfrom the generalcase
treatedin the precedtngparagraph:’Za the l~tinG case of .eninccun-

~2
pressibleflti.d~when # vanishesat the surface, w_U. w.iv.—

G

since Wrrf
1 alwaysvanlshosin this case. Frcni3equation

the relationbetween m and R alongthe ~per branchof
neutralstabilityc-wrveis therefore

-1.
2(V7

)
12

(4.8)‘-

the

(4,14}

which is identicalti.thequation(12.19)in reference5, part III.

.

0Thus,regardlessof the behaviorof the quantity ~ ~ .
dyT

regardlessof the loc~ldistributionof mean velocityand mean
temperatureacrossthe bounda~ layer - when B!.< 1, the curve
of a against R for the neutral.disturbanceshas two distinct
branchesat largeReynoldsnuhbers. Wcm plqvsicalconsiderations,
all subsotic disturbancesmust be dampedwhen the wuve lengthis
sufficientlymall (~ large)or the Reynoldsnumberie sufficient~
low. Consequently,the two branchesof the curveof a against R
for the neutraldi~thrbanc~smust join eventually,end the region
betweenthem in the a,R-planeis R regionof instability;that is,
at a @ven valueof the Reynoldsnmiber,subsonicdisturbanccm%fith
wave lengthslyingbetweentwo criticalvalues %1 and X2 (~

and ~) ‘areself-excited.Thus, when M. <1, any lam2nar
bound~-laYer flow in Q ~sc~~ ~nductfve gas is unstableat
sufficientlyhigh (butflzxI.te) Reynoldsrumimrs.

The lowerbranch of the c~tieof a against R for the neutral

()
disturbancesis virtuallyunaffectedby the distribtiionof ~ ~

dyT
acrossthe bowdaq- layer,but for the upperbraiichthe behaviorof

31
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() a
the quantity ~ ~ ()

is aeci6ive.When ~ ~ = O for acme
dy. T dy ,T

W?tlueof‘--w= C8 > 0, the neutralsubsonicdisturbancepasses

continuouslyintothe c~acteristic invisciddisturbancec= C8
and c&= ~ as R-+0. This resultis in acccmdancowith the

resultsobtainedin reference9 for the invlscidcongmessihlefluid.
and is in agreementwithHeisenbergts criterj.on, In addition,

allsubsonicdisturbancesof finitewave length X > L~ = ~ (and
as

nonvaztl.shingphasevelocity O < cr < cs
)

are self-excitedin the

limiting-se of infiniteReynoldsnmibei. On the otherhati,

()
~1

when ~ - doesnot yanishfor any yalueof y-> 0, then
dyT—

exceptfor the llsingularltneutraldisturbanceof ‘zeroyhasevelocity
end infinitewave length (c . 0 and a = O), all disturbances
are dampedin the inviscidcompressiblefluid. This singular
neutralMsturbance can be regardedas the limitingcaseof the
neutralsubsonicdisturbancein a real compressiblefluidas R~co.

b. SupersonicFree-StreamQelocity (%> 1)

When the velocityof the free streamiEIsupersonic,the sub-
sonicboundary-layerdisturbancesmust satisfynot onlythe differ-
entialequaticxmand the boundaryconditionsof the problembut

also the physicalrequirementthat Cr>+ The as~totic

behaviorat largeReynoldsnumhrs of the curv:of G against R
for the neutralmibsonicdisturbancesis detemninodby the a~proxi-
mate relations(4.1)to (4,4),with the additionalrestriction

that c> l-~.
,.

As C+l -~, a-+0 by equation(4.4);
o M.

therefore R--+co by equation(4~3). me comosPo~n8va~uo (or
values)of z ie detwmtned by equation(4.1)as follows:

-.

*

.
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.

.

.

.

NOW frcmphysicalconsideratfom, ~
()
~<0 for large

dy!r
d

valuesof y.
()

Therefore,if - ~ = O (changessi~) for scme
dyT

1
[01

a. w’
~d-ue of w = cs > 1 - ~ ‘]lenJ‘n &noral~ GT

>0
0 *1-1—

M.

and Q~fz)
~ <0 (equation(4,15)). Fra fiwe 9; i% can be

c=l-,~ ... .
lV1o

seenthat in this case thereis only me value of z (’z , f3aY
t)

)
correspondingto the value of @i(z) @ven bY eq~tion ~p”15 ●

From”equstions(4.2)“to(k.4), alongthe loyerbranohof the curve
of a against R for the neutral.disturbances,~

.

.

,( ),_1.76~lt23
‘1 z~ 1

R=

() 1’3 a
l.~

o ,... -..

,, . .

/

()11-.—
M.

-L
and c’~1 -_

M.
at brge Reynoldsmmbere

(4.16) .

(4..17]

(fig.4(k)). The upper

branchof the c~e i.nthis case 1s @ven by qyatione (k.11)

[ 01
~2 w,

and (4.12),or by equations(4.13)and (k.12)if —- —
~T1

vanishe”s,with c-+ Ce > 1 - ~ and a~as + O.
,.. 0.”

.
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()E4-x wuiishesfor w = 1 - &, then z--+co as R-+co
dyT

alongthe upperbranchof the cyrve.of a: agaiqst,‘R for thq
WI‘

neutraldisturbances,and Qi(z)+ —. now Ct+o ,

I
R

2a — C3
1

a’s c+l-—
M.

in this casealso (equ%iori(4.17)titi ~ = ~=o)

so that

Along the lowerbranchof the curveof a against R at large
Reynoldsn=rs, a, R; and c are connectedl)yequations(4.16)
and (4.17),%dth Z1 = 2.29 and ~ = 2.29. In spiteof the fact

that d w’~T =Qforw= l”+, a neutralsonictidnn%ance

C=’-(l

0’
1

of flnttewave lengthdoesnot existin the tnviscid
~

fim

‘Jr Tfluidunless Kl(c)= — - 1 (SeeM02 & is positive,,
~ (w- C)2

section10 of reference8.) Calculationshowsthat Kl(c) is a~st .

alwaysnegative(equation(3.1.l));therefore,in general,the SmiC
disturbanceof infinitewave len@h (a= 0) with constan~phase
acrossthe boundarylayerexistsonly in the inviscidfMid. (R--+m).

is certainthat

doesnot vanishfor any value of w~ 1 - ~, it
o

[01$i~
dyT 1

< 0 and.byequation(4.15)

*cl..—
M.

. —

.
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<0. %0 (approx.), thereare two

(valuesof z 20 and Z3, “say,with Z3 > ~] corresposithgto

the valueof 0+~z) givenby equation(4.15)~ (Seefig. 9● ) ~on~
the two as~totic branchesof the curveof CZ against R fo~ the
neutraldisturbances,G, R, and c are connectedby relations
of the form of equations(4.16)and (4.17},with z and u replaced.
by 22 and ~, respectively,alongthe Iomr,branchand by Z3

and ~, res~ectively,-slon~the upper’branch. At a givenv~lue of

the Mach number,the value or v iS co.ntrolladby the thema 1 condi-
/_
Ma

ticmsat the solidsurface.(Seesectim”6.)Wheh theseconditionsare
suchthat V ~ s 0.5~, then z,-= Z9, ad the tm esjnnptoticbranches.c 2l-M= . . .

of the curveof a against R for the neutraldisturbancescoin-
ci~e. When v ~0,5m (Gpprox.), it is,impossiblefor a

. 11.—
MO

neutralor a self-e~ited mibsonlcdisturbanceto sxi.stin the.
lsminarboundarylayerof a viscousconductivegas at any value of
the Reynoldsnumber. Iu otherwords,if VI ~ ~0.7@ ($PPZ*OX.),,

,,
-b%

the laminarboundar~layeris stableat all valuesof theReynolds “
numbcm. (Of coimse,in any given case,the criticalconditions
beyondwhichonly dampedsubsonicdisturbancesexistcan be cal-
culatedmore accuratelyfrom the,relations(2.29)and (2.29).
See section5 on minimumcriticalReynoldsnumber.)

The precedingconclusion’can alsqhe dekcml, at leastqualitq-
ti~ely,from the resultsof a studyof tileenergybalancefor a
neutrals~sonic distmbance in the leminarboundazzy.hyor.“A
neutralsubsonicc?isturbancocan existonly‘Aen the destabflizin~
effectof idscositynear the solidsurface,the -ing effectof
viscosityIh me fluid,an@ the enor~ transferbetweenmean flow
and distuzzbancein the”vicinityof’the inn.cr‘criticallayertiall
balanceout to @ve a zero (average)net rate of ‘“bhti.geof the’
energyof the disturbance. (SeeSchliclrbing’sMscussionfor
incompressiblefluidin referonco4,) 32sreference8 tt is shown
that the sign and nw.gnitudeof the phaso shiftin u*’ tlzro@
the inner‘criticallayorilat w = c is dete~ed by tie si~



NAC!A.TNNO. >360, .

[(land magnitudeof the quaniitty % ‘U The corresponding.‘
.

dy 1? :*C”
—— “-

epparent’shearstress TC*,= .@ U*W‘, whichis zerofor w < c in the
in~ziscidcompressl.blefluid,is giv~’by the followingexprem!ion
for W>c (reference8), .’.. . .,.,

If the quantity
H)]

a W!
is negative,the mean flow absorbs

GT
*C

ml
~t

energyfromthe U sturbance;if is positive,ener~
G T ~kc

p=ses fromtilemean flow to the U stmbance, Xa the“realcd..
pressiblefluid,the thicknessof the innercriticallayerin ~ich

-1
the viscousforcesare ~ortaut is of the orderof

A
~> and

th6 ph!3S0shift‘in U*;

of viscoustiffusion(of

AS shownby Prandtl

is actus.llybrought

)
the quantfty pdf

(reference12), the

()
1/3~JL

UC
ah:putby the effects

throughthislayer.

destabilizingeffeet

.

of viscositynear the soud stiace is to shiftthe phaseof the ‘
‘frictionalwcomponent ufi*t of the dist~bancevelocityagainst

the phaso of the ‘ffricti.onlessnor ainviscidwc~onent ~m*l

in a thin layer,of fluidof thickness.of we orderof

.~

1——,,.
R

cX—
‘L

By coiitlnuity,the associatednormalcomponent v&*~ is,of,the ..

. ..

. . .,-..-u.
,.,. .. .“.: . .

t“.:

1 of
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.

reference8, that
componentsof the

ti.on,pu*’+.*I

a+ “—*
Wending apparent

e~ression

-,.. -.

for largevaiuesof dR the
disturbanceal~o satisfythe

%ictiomllfl
continuityreb -

= O ti the impressiblefluid.) The cmre-

.—
shearstress T1* . -pl*u*’v*’ is ~ven by the

But from equations(2.11)

ig

.,.,

.,

Ti* ra

T
c—

V1

Since the shearstressassociatedwith the dostabi~zi~
of viscositynear the solidsurfhcpand the shearstress
criticallayeract roughlythrou@out the

. .

ratio of tilerates of ener~ transferred

by the two physicalproceisesis

.,

near

(4.20)

(k.&)

..

effeet
the

fmme region of

(

appro-tdy

.,,. 37
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.

where

,“.

..! . .
. .

.,,
,.

3R J
zxa ——.- —

Uc
()

?2
‘1

when w . cl, say; then the

the mean flownear the inner

negativeand suff~cientlylarge

rate at which.merw is absorbedby-

McriticaliayerttBlue the rate at whioh
the energyof the disturbanceis dissipatedby-viscousactionmore
than counterbalancesthe rate at whiohenergypassesfrm the mean
flow to the disturbancebecauseof the destabiliziiigeffectof
viscositynear the solddsurface. Consequently,a neutralsubsonic
disturbancewith the phasevelocity c ~ c1 bes not exist;in

fact,all subsonicdisturbancesfor which c ~ c1 =G damped.
When MO <1, thereis alwaysa rangeof valueaof phasevelocity

II

Ec+k
o<c~c; for whichthe ratio ~’ givenby eqmtion (4.22),=

is smallenou@ for neutral(andself-excited)subsonicdisturbances
to existforReynoldsnumbersgreater than a certainoriticalvalue.
When M. >1, howover,becauseof the physicalrecfuiremont

. ..
that C>l .:-> 0, the po~sibility”exietsthat for certain

Auo

themal conditionsat the solidsurfaoethe quantity[01d W’
GT

WC

H
EC*

is alwayssufficientlylargenegatively(andtherefore isq

“30

.

.

.
.

.
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.

8--

.

sufficientlylarge)so that or!!y‘dampedsubsoticr%kturbancesexist

()

@
at”allReynoldsitibbrs,--Of course,if g -

dy’1
vanishesfor-some

valueof w= 1 - ~, it is certainthat V(c)< 0.580 for some
,0

range of valuesof the”phasevelocity 1 - ~ ~ c ~ co. In that
-0, -.. .

case,neutralan~ self-excitedsubsonicdi&rbanq?e alwaysexist
for R > Rcrtin and the flow is alwa”ysunstable“atsufficiently

highRopolde numbers,izaccordancewithHei.senberg?scriterion
as extendedto the “compress:~lefluid (section2).

A.discussionof the sigctficanceof theseYepultsis reserved
for a latersection(section6) in ihichtha behaticmof the quan-

a.

()

~r1

‘ity G T-
wIU be relateddirectlyto the thernmlconditions

at the solidsurface

5, CR-IOi~

and the

.FORTHE

free-streamMach number.

MJXIMJMCK!TICXL33XNOLDSNUMBER

The objectof the stabilitr~alysis is not onlyto determine
the general-conditionsunderwhichth~ laminaxboun~ry layeris
unstableat sufficientlyhighRemolds nmnbersbut also,if’possible,
to obtainsane siqplecriterionfar the limitof stebilityof the
flow (minima crtticalReynoldsnumber)in tams of the loczl
distributionof mean velocityand mean tqerature acrossthe
boundarylayer. l?orplaneCouettenmtion (linearvelocityprofile]
~-ndplanePoise@.~e motion (parabolicvelocityprofile)in an
incompressiblefltid,Synge (reference13) was able to ~rove
rigorouslythat a minimumcriticalRe~olds numberactuallyexistsbelow
whichthe flow is stable. His proofappliesalso to the laminarboundary
layerin an incompressiblefluid,with onlya slightmodiflcati.on(refer-
ence 5, part III). Such a proof is more difficultto givefor the lsminar
boundarylayerin a viscousconductivegas;howover,the mcbknce,
in general,of a minimumcritical.Reynoldsntier can be inferred
~ompurely physicalconsiderations.A studyof the ener~ l)alance
for small.distmbances in the laminarboundarytiyor”showsthatthe
ratio of the rate of VISCOUSdissipationto-therate of ener~
transfernear the crittcallayeris lfi for a usturbance of
givenwave lengthwhl.lothe energytiianeferassoctwtodwith the
dostabilizirigactionof viscositymar the,solidsurfacoboarsthe

ratio l/fi to the ener~ transfernear the criticallayer. Thusj,.
\

39



NACA TN No. 1360

the effeotsof viscousdissipati~ wifipredominateat sufficiently
lowReynoldsnumbersand all subsmic disturbanceswillbe dalqped.
The two distinctaqmxptoticbranchesof’the curveof a against R
for the neutraldisturbancesat largeReynoldsrnmibersmust Join
eventmlly (section4) and the flow is stablefor allRe~Ms
numberslees thana certaincritic-alvalue.

Aa estimateof the valueof RWtin, whichwilJlserveas a . .
stabilitycriterion,is obtained.by takingthe phase.velocity c
to have the ma@mum possiblevalue co for a neutralSUlX30ni.C

disturbance,that is, for c > co all subsonicdisturbances~e
damped. This conditionis very“’nearlyequivalentto the condition
that c(R be a mfnimwn,whichwas employedhy Lin far the caseof
the incompressiblefluid (p, ’25 of reference~, @a% III). The condi-
tion c= co ocourswhen fit(z)is a maximum;that is: when Qi(z) = 0.582,

20 = 3.22,.and.~r~o) = 1.W (fig,9). The correspondingvalue

Ofc=co can be calculatedfrom the relatims (2.19)to (2.22).
Negletiingtermsin X.2 (k is usuallyvary small)and takin~ u = 1.x
gives

~i(z)= EI - a(d-j v(c)

where

and

“.(C)=23L.22L
c

It ‘isonly~cessary to plot the quantity (1 - 2X)v

(5..1)

-.

.

,. #

against–-a
for a given~aminarbounda~-layer~lowand find thevalue of c ~ ‘c. .

for which (1 - 2X); = O.~. The correspondingvqlueof cR is “
determinedfromthe relation

4Q
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.

m=wow’ P.’)’($
and this value of aR is very closeto the tiimum.valqp of ~.
A rough estimateof the value of a for -c . co is gi~n by the

followingrelatlon(equation(2.27)):

(5*5)

This estimatedvalue of a is, in ~neral, too mall. The
followingesthmte of Rcrfi is obtainedby ma~kingen a~roximate

allowancefor this Usc”repencyand by takingroundnumbers:

or

For

the
.

.

.’~P(%)]’-’’(:),

R6

Cr”n = ~—m “
,,

zeropressuregradient,the slopeof the

()

SWsurface 1s givenvery closelyby
q,

(5.7)

velocityprofile&t

(a~pendixB)

d.
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.,
J.

= 0.332- .-”’

Therefore

(5.8)

The expression(5.8)is usefulas a rou@ criterion’farthe dependence
of Re on the localdistributionof mean velocityand mean

crfin
temperatureacrossthe btmndarylayer. It is =iate~ e~~nt

.

~a when Co+l -~. When [(1 - 2A)V] ~o.5~, -that Re
crtin s o c=l.l—

M. ‘

the laminarloundarylayeris stableat all valuesof theReynolds
number. (Thisconditionis an improvementon the stabilitycondi-

tion v ~_JC5&) (~ppro~.)~tated~setiion4.)
Ii-— ,
M. ,,

In the followingtablesand.in fi
F

es 5 and 6(a)the estinzted
valuesof Rg @venby equatlm 5.8)canbe cmqkredwith the

%nin
takenfrom the calculatedcmves of ~ aeinst ROvaluesof,~crtin

for tha neutraldisturbances.For the insulatedfmrface,‘thevaluea
are .,

.

.

42 —.



For

M.

o
.50
.70
.90

1.10
1.30

NACA TN No. 1360

o●4186

:%
.4850
.5139
.,5450

1.0000
1.0408
1.0782:
1.U54
1.1803
L 2k06

I 195
170-

~ Z50 ‘
lz!g
109
92

the“noninsulatedsurfacewhen M. = 0.70,the valuesare

., ‘1
I

co I ()T co

1 I.
0.70 O.*2 0.7712

●LW ,2619 .87~6
●W ● 3394 ‘.9562

‘ 1.25 ,5194 1.1449

5377 51.50
1463 1440
5:?- 523

63

The expression(5.8)fo~ R6’ givesthe,correctorderof
or’

,magnitudeand the”yropervariationof the stabilitylimitwithMach “
number and with surfacetemperatureat a givenMach n-umber.

The form of the criterionfor the minimumcriticalRepold.s” &
nmber (equation(5.8))and the resultsof the detailedstabi~ty
calculationsfor severalre~esentativecases(figs. 3 and4) show
that the distributionof’the productof the densityand the

aw
Vorticity p— acrossthe bomdary layerlargelydeterminesthe

.* ,,
limitsof stabilltyof laminarbo@La~-layer flow. The fact that
the “properMRemolds numberthat appearsin the boundary-layer
stabilitycalculationsis based on the kinemxticviscosityat the
innercritical-layer(wherethe viscousforcesare imyortant)
ratherthan In the free”stremnalso entersthe problem,but it
amountsonly to a nmerical and not a qualitativechangewhen the
usualReynoldsnumberbased on f%ee-streamkinematicviscosityis
fina~ c~putea. Whetherthe valueof ~

=Mrl
for a giiven

43
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laminarboundary-layerflow is largeror smaller
--ofQ for theBlasiusflowjfor example,crti

dw
entirelyby the distributionof p—.—acrossthe

)

w
d (&w ~

Zf the quantity —— p-
Q\&

s negativeand large

thanthe value
iEIdetezzulned

bovndarylayer,

near the solid

tmrface so that tie‘qtiAtity(1 - 2A.)v(c) reachesthe value0.580
when the valueof c = co is less than0.4186,the flow is rela-

()

dw
tivelymore stablethanthe Blasiusflow. Xf tho quantity ~ p—

W*
is posftivenear the solidsurface,so that (1 - 2X)V(C). 0.58J
‘when w(or c) >0,418f, the flow is relativd,yless stablethan
the Blasiusflow. Thus, the questionof the rel.otiveinfluence
on Re

%lin
of the kinematicviscosityat the inner‘criticallayer

dw
and the distributionof p-

@
acrossthe boundarylayer,which

remainedoyenin the concl~tng
Settled,

The physicalbasisfor the

ai.~~sio~ of reference8, is now

predominantiml?luenceon R~cr~
d.w

~ofthe distributionof p—
Q

acrossthe boundarylayerW to be

foundin a studyof the energybalancefor a subsonicboundary-layer

disturbance(section’4). The ~s~fbUtion of pd~ determinesthe
~.

llmximumpossiblevalueof the phasevelocity co or the maximum

possibled.istancoof the innercriticallayerfrom the solidsurface
i’a,aneutralsubsonicdisturbance. The greato~the distanceof.
the innercriticallayerfrcanthe solidsurfacbjthe greater
(relatively)the rate of cmmr~ absorbedby the mean flow from tho
disturbanceintho vicitityof tho criticallayer(oquations(4,~l)
and (4.=,)). When co is large,thorofore,tlm enor~ balance
for a neutralsubsonfcdisturbanceis achievedonlywhen the
destabilizingactionof vi.scosi.tynear -&o solidsm~ace is rela-

tivelylargbor, in otherwords,when ~c 3~Q

+
is large

3“0-A

!
w

‘o— UC

and:theReynoldsnumber Ro, whichis veryn~arly

Is’correspondtiglymall. On the otherhand,,when
tithe innercriticalI.aymris C1OEWto the eolid

44,

oqua to Rmmj

co is S?nall
surface,tho rato

.

.

. . . . —
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at whichener~ is abs”abedfrom the disturbance‘hearthe c~+.tical
layeris relativelysmalland %~erate at whichenergypassesto
the disturbancenear the SOLU2surface,’whichis of the order

1
of —, is alsorelativelysmallfor

r

R ““””” “’
a—
*C ‘.

a, General

~.

ener~ balance;cons6-
. .

.’

J@m the resultsobtainedin the presentpaperand in refer-
ence 6, it is cleartlzaktie stabtlityof the hminar boundary
layerin,a ,compressiblefltidis governodby the actionof both,
viscousand inel’tiaforces. Just as in the case of an inocm.pressible
fluid,the stabilityproblemcannothe understoodunlessthe viscostty
of the fluidis takeninto account. Thus, ~hetheror not a kuuinar
bounti~y-lfiyerflow is unstmblein the InViscid.compressible
fluid.(R~co), that is, whetheror not the product-of the density.

dv
and the voi%icity p— has an e~rennaxfor someva~ue“of w > 1-2;”

:. w M.
there is ,alwayssomevalue of theRe~lds nwnber below ,.Rcrti
whichthe‘effectof viscousdissipationprodominntesail the flow “
is stable. On thd otherhand,et very largeReynoldsnumbersthe
influence.of viscosityis destabilizing.If the z%oe-styeam
velocityis subsonic,any”lmninerboundary-layerfldw is Unstahlo .
at stificientlyhi~ (butf’inite) Reynoldsnuuibers,%%ether’or not
the flow’Is stableh“ theZnviscidf}.uidwhen onlythe inertia”
forcessre considered,

The a“ctlonof the iziertia.force~is more decisivefor ,$he
stabilityo~ the l~nar boundarylayerif tie fkw-stqtiam~eloctty
is supersonic.BGcauseof th~ ~~vsicalrequimmmnt-thatthe rela-
tlve plmsevelocity’(c - 1) of tho boundary-layerM.sturbmcos

., :.
must be subsonic,it tollo~wthat 1

c>l. — > 0 :d k9 quan-
,,.,. MO “ .“. .

‘ity[H+:)]*C... -, ‘can bo lar~ cmoughne~tive~~ under certain
,...

conditionsso that tho s~abilizingaction”ofthG Znertiaforces

l\5
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“ nea~.the “her withal layer (*er@ w = c> O) is not overcome
by the destabilizeing actionof viscositynear the solidswrface.
In that case,undampeiidisturbancescannotexistin the fluid.,.and
the flow is stableat all valuesof theReynoldsnumber.

Regardlessof the free-streamvelocity,the dbtributionof

the productof the densityand the vorticity pd~ acrossthe

boundarylayerdeterminesthe actuallimitof stability,or the
minimumcriticalRe~olas number,for lamtnarboundary-layerflow
in a viscousconductivegas (equation(9,8)). Sincethe distri-

butionof p: across‘he boudary layerin t~ is determinedby

the free-streaml!achnuniberand the thermalconditionsat the solid
eurface~the effectof thesephysicalparameterson the stability
of bminar boundary-leyerflow is reactllyevaluated.

. .

b. Xffectof Free.Strem Mach Numberand ThermalConditionsat

SolidSurfaceon Stabilityoi’Lamb.arBoundaryLayer

The distributionof mean velocityand mean teqperatme (and

)

awthereforeof p-
QY

acrossthe latinarbounda~~layerin a viscous

cond.uct~vegas is stronglyinfluencedby the fact that the tiecosilty -
of a gas increaseswiththe temperature.(For most gtmes, WC+
(m= 0.76 for air) overa fairlywide toqperaturerange.)When
heat is transferredto the fluidtiough tho solidsurface,the
tcmrpa.rature-mdviscositynear the surfaceI.?oth,decreasealongthe
outwardnormal,and tho fluidnear the -ace is more refj~ed by ““

the viscousshearthan the fluidfartherout frcmthe surface- as
comparedwith the isotho~l BlasiuefZOW. The velocityprofile
thereforealwaysposseesesa yointof inflection(whore @ . O)
whenheat is addedto the fluiathroughthe solidsurface,provided
thereis no pressuregradientin the directionof the matn flow.

()
since ~ pa~ .~-~

‘()

dw
@ ~ T T2 ‘ ‘he ‘-tity

vanishes
% ‘G

(iW
. f

and p—
Q

hasan extremumat mme pointin the fluid. On the other

hand,

face,

fluid

if heat 3H withdrawnfrom the fluidthroughthe solidsur-
a
— and‘h

b
— aro both positivene~ the surface ‘andthe
ay

near the surfaceis lessretaiibdthan the fluidfarther .
,,

46
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out - as comparedwith the Blasiusflow. The velooit”yprofileis
thereforemcwe corrvexnear the surfaoethanthe B1.mxiusprofile.

-Aspointed
of the varieble

de~ity and the

tionsof motion
gradientin the
vanishesat the

and.,

out in sectionU..of referehce8> the infl.uenc~
viscosityon the behaviorof the productof the

aw
vorticit~ p- can be seendirectlytiom the equa-

@
for the mean flow. When therOis no ~essure
directionof the mati flow,the flutdacceleration
soltd.surface:or

J.

._#J?zJ1=AzJ?.? ,6.2,

.
.“ .

Thus, whenheat is addeilto the fl~d throu@ the

(Tl,<o)>(s) ,“ ‘is positiv~and ~he velocity

“ near the surface

of V>o; when

is negative,am%
than &e

The

parallel

form,

L

r

solidsurface

profileis concave

end possessesa point of ir&leo-tio33for somevalue

.(y> “))(s)heat,Is wtthdrawnf%om the fluid

-1
the velocityprofileis more convexneqr the s“wfaci~
profile. .. ..

behaviorof the quantity $[;~)=~f:)is

~~?-
to that 0$ —. From equaiiion(6.2),ih

33+$2
nondimensional
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Differentiatingthe dynsmiaequations

111+1

- — %’wlt%2
(6.3)

onceand makinguse of the

[ 01

~2 ~,
energyequationgivesthe followtngexpressionfor — ——

dy2Tl

[ 01

~2 ~r,
()
W1t3. .

.— - = a(m+l)(~ - l)l& — -1-2(m -!- 1)2 W1’
dy2T1 T12

,,

Now,
.,

but

[ 01

~2 ~,
Thus, for zeropressuregradient, ——— e

~Tl

if the surface f6 insula~ed’, the quantity

()TL~ 2
- (6.4)
T13

positive,

vanishes,

with

,, ~stance fromthe solidsurfsce. Since ~ +0 far from the solid
J.

surface,
()

“$ hasamaximumand~% vanishesfor somevalue
dyT, c

of w >0. If heat is addedto the fluidthroughthe solidmr-

positivea.tthe surface,and

()~ w’ vantshosat a.point
,@ T

in the fluidwhichis fartherfrom the surtacetha~ for an insulated
boundaryat the sameMach number(figs.,3(a)and (b)). Ccnae.
quently:tlievalue of c . co for”tiichthe function
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(1-2X)V(C) = -7C(1 -2%) *&*(’)]=c m,dlesthe

,
value0.580 is largerthan the valuefor the insulatedsurface.
By equatiori(5.8),the effectof addingheat-tothe fluidthrough
the solidsurfaceis to reduce ReCrfin

and to destabilizethe

flow,.ascomparedwith the flow over an insulatedsurfaceat the
sameMach number (fig.6).

L= heat is’withdrawnfrom the fluidthrou@ the solidsurface,

[01.~w’
‘+ “W a-y T- , ‘Bne=tive”In fact, if the rate of heat

L..,

transferis sufficientlylarge,the @antity

vanishwithinthe boundaryUyer (fig.~(b)).
for whichthe functton (1 -’2X)V(C),reaohes

The value of c = co
the value0.580 is

smallerthan for an insulated.smface at tho sameMach number,and
by equation(5.8),the effectof withdrawingheat from the fluid
throughthe solidsurface”isto increase ReCW ana tO stabilize

the flow,as c-cd with the flow,overen i~ulerkd.smface at ‘
the samehkchnumber’(fig.6). When the velocityof the free stream
at the ltedgewof the boundarylayeris supersonic,the”laminar
boundarylayer-iscompletelystabilizedIf the rate at whichheat
is withdrawn,throughthe solidsurfacereachesor exceedsa critical
valuethat Wpendsonly on the lkch number,the Re:moldsnuniber,
and the yroyertiesof the gas. The critioalrate of heat transfer,

()Is thatfor wh3chthe quantity ~ ~ is sufficientlylarge .
dYT

negativelynear the surface(see eqktion (6.3))so that

(1 -a)v(c) = 0.580 Whll c = co = 1 .+ (sections)+and ~)~.

Althoughdetailedstabilitycalculationsf~r supersonicflow over
a noninsulatedsurfacehave not been oarriedout,the function
(1 - 2X)V(C) has been computedfornoninsulated surfacesat

% = 1.32,1.%, 2.00,3,00,and 5.00 by a rapidapproximatemethod

(appendixC). The correspondingestimated.valuesof Re
cr~ were

calculatedfrom equation(5.8);and in figure7 these.waluesare ,.
plottodagainst TI, the ratio of surfaceteqmature (degabk.)

to free-streamtemperatme (degabs.). At any givenMach number
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greaterthan unity

as GO-+l - +;
c)

the value

when co

the stabilityo~ the laminar
to thermalconditionsat the
thereis a criticalvalue of

which ~ +CO. If T1
~@~

of %mtin increasesrapidly
.

Mffers only sligjhklyfrcm 1 - *,

boundarylayeris extremelysensi%ve
solidsurface. At eachvalueof M. >

the tempcmatureratio T%
for

$ Tl~, the Wninar boundarylayeris

1,

stableat allReynoldsnumbers. The differencebetweenthe
stagnation-tmpera+mreratioand tho critical-surface-temperature
ratio,whichi: relatedto the heat-transfa*cooffici.ont,is plotted
againstMachnumbebin figure8. Underfree-fli~t conditions,for
Mach numilmrsgreaterthan scanscriticalMach numberthat depends .
largelycm the el.tltuae,the valueof T~ - !J!lcris withinthe

orderof magnitudeqf the differoncobetweenstagnationtemperature
and surfacetemperaturethat actuallymcistsbocau.mof heat radia-
tion from the surfaco(references1~}antl~). ~otherworde, the
criticalrate of heat idt.htiawalfrom the fluidfor larninar8ta-
bilityis within”thoorderof magnit’udoof tho calculatedrate’of
heat conductionthrmgh the solidsurfacewhichb~ances the heat

.

radid%d from the surfacemer eq~libfi~~ conditions.~0 ~lc~a-
tionsin eypendixE showthat this criticalMach nvmiberis a~prox!.-. .
mately3 It ~,000 feet eltitudeand approximate~v2 at
100,000feet altitude.,Thus,for MO>3, (approx,)ati’j0,000feet
altitudeand M. > 2 (approx.) at 100,000feet altitude,the
lalninarboundary-layerflowfor thermalequilibria is”co~lete~ .
stable.inthe absenceof an adversepressurogradientin the f’reo”‘
stream.J , ..

Whenthere 3s actuallyno heat conductionthroughthe solid
surface$the l@it of stabilityof the Iaminm boundarylayer
dependsonly on)’thefree-streamMach znwiber,that is} on the extent

of the ‘tae~~c heat~ft
( ())

a~x 2
of the orderof ~ —

ap
near

the solidawface. A good indicationof the influenceof tho free.
dwstreamMach numberon the distributionof p- acrossthe boundary
&v

“

layerfor an irym.latcilkmrfaceis obtainedfrcm e rough estimto

of the locationof tho,poi.ntat which ~
()

dw

w ‘G
roachesa positive

()

~2. ~w
maximum .(or— vmshes). Differentiatingthe dymmic

d+ ‘G
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equationsof mean motiontwiceand mdcinguse of the energyand
continuityequetionsyieldsthe follotingresultfor an insulated
surface:

[ 01

a3 W*
—.
G

=-
T

1

(’ipwhere,b= ~-. From equations
C:* *

()
a2 W*

of c at which —. — vanishes,
dy2 T

is givenrouti for air bY “

in which WIt =
b(O.3320)

‘1

(6.5}

.
. .

(6.4)IX&(6.5)the value “

~_2 ,.
u

(6.6)

(1 -+0.2025M02)1”24

B).’ W otherwds, the yoint

from the surfaceas’the Mach‘numberis increased‘-at least in the
range O ~ M. ~ k.5 (approx.); thereforethe value of o for

()%tiich-d— X vanishesand the value of c = co
dy,Tj

for which

(1 - 2X)V(C) reachesthe valueO.*. both increasetith the Mach
number(fig.3(a)). BY equation(5.8),the value of’Re forcz’~n
the laminarboundary-layerflow over an ineulatedsurfacedbcreases
as the Mach numberincreasesand the flow is destabilized}as cm- .
paredwith tha Blasiusflow (fig.5).
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..c; Resultsof DetailedS@btUty Calcuktionsfor
,.

Insulatedand NoninsulatedSurfaces

From the zwmlts of the detailedstabilitycalculationsfor
mveral representativecases.(fi@.4 to ~)? a q~~~t~ve
estimatecsn be mde of the effectof ~o-stream Mach number
and thermalconditionsat tine
hminar boundary-layerflow.
of Re i13-92ken M. =

‘rein
of’150 for the Blasiusflow.
at M. = 0.70, the vtilueof

solidsmface on the stabilityof
For the insulatedsurface,the value
1.30 as compare~with a value

1
For the noninsulatidsurface
% is 63 when T1 = 1.25 (heat
CI?*

addedto fluid), ~crtin = 126 when T1 = 1.10 (ins-ted sm-

face),and Recr~n
= 5150 when T1 = O.~Cl (heatwithdrawnfrom

fluid).

.V

~
Since R@ z 2.2m92, (thevalueof 6 — which

—* N’U. .
is proportionalto the skin-frictioncoeffici~t,”differ~only
‘sli@tlyfrom the Blaei.usvalueoi’0,6667)the effectof the thermal
condi%i.onsat the solidsurfacecm Rfi is ~venmore pronounced..
The value of R* i~ 60 x

(

s comparedwith a valueof’
Tl =

)
1 andMo=O. For

of RXX declinesticm
‘rein

106 libenT]-= 0.70 and q.o.70,
51.x 103”for the IkXJiusrl~
the insulatedsurfacethe value

the Blasiusvaluefw_~ = O to a

valueof 19 X 103 at M. = 1.30. The q~remm sensitivityof the .
ltii~of stabilityof the lamlnarbounki layerto thermalc~di-.
tionsat the solidsurfacewhen T1 <1 is accoumtmdfor by tho

rdct that,,,co is small~fhonTl <1 and Mo< l–(or M. is not
.

Smallchan~esin co) therefore,producelargechangesin ~ cr~n”
In addition,I&en ‘J!l< 1~ smallchangesin the‘thermalconditions

at tho solidsurfaceproduceappreciablechanges@ :~
()dy & ‘eqm-

tion (6.3)) and,,,therofore,in tho valueof co.

Not onlyis tho valueof’@ crtin af%ctmd by the tkmmal

conditionsat tho solidsurfaceand by the free-streamMach number

. 52



NA.CATN No. 1360

but the entirecum? of w against %3 f~ the neu~al ~s- .

turbances’i’salso affected. (Seefigs.4(k)and 4(Z).) When the
surfaceis insulated-(end ~ ~ 0), or heat is addedto tie fl~d ‘

(
T1 = 1.25}, ~~~ +0 as Re4 e alon~the upperbranchof

the curveof neutralstability. In other’words,thereis a finite
rangeof unstablewave lengthseven In the limitin~case of an
infiniteRemolds nmber (invlscidfluid.).Hcwover, a~o -
cm ~-+ m ,forthe Blasiusflow,or iihenheat “iE-“titha~~ from
the fluid. This behwior is in completea~eennentwith the results
obtained.insection4 and In reference8.

A ccmparis% betweenthe curvesof ~ against ~ for
T1 = 1.,25and T1 = 0.70 at” ~ = 0.70 shorn’that W4thdx-md.ng
heat “fromthe fluidnot qnly stabilizesthe”flow by increasing,%

0

cr~n
but also greatlyreducesthe r~.ge of unbtahlewavenumbers ~ .
On the otherhand,the ad~tion of hpat to th~ flubithroughthe
solidsurfacegreatlyincreasesthe range of unstablewave numbers,

. I? shouldalso bo notedthat for givenvaluesof ~, c,

and ~ the time frequenciesof the boundary-layerdidmcdbances
in the high-speedflow of a ~s are considerably@eater than the.
frequenciesof the familiarToXlmienwavesobscnwcd.in Low-speed
flow. The actualtime frequency n* e~rcmmd nondimensionally
is as follows:

. .

For
the

for

“givenvaltzokof c, ~; and ~ the tiequencyincreasesas
squareof the free-strmm velocity.

d. Instabilityof LamfnarBoundaryLayeyand

Transitionto TurbulentFlow

The valueof ~ obt%inodfz;omthe stabilityanalysis
amin

a @Ven la~mr bound$my-leyerflow is tio valuoof theRemolds
mmiberat whichself-exciteddi&mrbancosfirsta~ear in the -
boun-~ layer. As Prandtl(referenceM?) oare.fullypointedout,
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theseinitialdisturbancesare not turbulence,in emy sense,but
slowlygrowingosci~lations.The valueof the Reynoldsnumberat
whichboundary-1.ayordisturbancespropa~ted alongtie surface till
be eonplifiedto a sufficientextentto causeturbulencemust be “
largerthan ~ ~ti in any oasesfor the insulatedflat-plate

flow at loii’speedsand withno.~essuxe gradlont,the transition
Reynoldsnuuiber~ti is foundto be threeto,seventimesas

largeas the valueof ~ ~tin (references6 and 7).,The v$lue

*f %tr dependsnot only on Rg=~ but also on the initial

magnitudeof the disturbanceswith the mat ‘tdangerousnfrequencies
(thosewith ~eatest amplification),on the rate of amplification
of thesedisturbances,and on the physical~occms (asyet unlmown)
by whichthe quasi-stationarylminar flow Is finallydestroyod
by the ~lif iecloscillations.(See,for example,references16
and 17.) The resultsof the stabilityanalysisneverthelesspermit
certaingeneralstatementsto be mde concerningthe offect of
free-streamMach nu.uiberand.thermalconditionsat tho solidsurface
on transiticm.The basisfor thosestatements.is summarlzodas
fOllowa:

(1)Xn many problemsdf technicalinterestin aeronauticsthe
levelof frem-etreamturbulence(ma~itude of initialdisturbances)
is sufficientlylow so thatthe originof transitionis alwaysto
be foundintho inaw%ility of the laminarboundarylayer, In
otherwords,the valueof ~ is an absolutelowerlimitforCr~n
transition. .,
.

(2)The effectof me freo-strbamMach numberand the thermal
conditionsat the solidmrface on the stabilitylimit Re

( ‘rein)
ia overwhdqing. For e%nxq’pie,for M. . 0.70, the valueof ReC*
when Tl = 0,70 (heatwithdrawnfromfluid)is more than&) times
as greatas the valueof Re

c% when T1 = 1,25 (heataddedtO

fluid). ‘

(3) The ~aum rate of amplification OF tineself-excited
boundary-1.ayordi8turbaneespropa~ted alongtho m.wfacevaries

rou~~v as
1/=”

(Thtsap~oximationagreescloselywtth

the numertc~l’~estitsobtainedby Pretsch(rofbroncoI-8)for tho
caso of an incompressibleflpid,) !llhe,effectof withdrawingheat
from the fluid,f’ormample, is not only to fncroaso Re

c% and

.

.
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stabilizethe flow in thatreamerbut also to decreasethe initial
rate of amplificationof the unstabledisturbances.h otherwords,
for a givenlevelof free-gtiea?ntvrtmlence,kh,e@ker*:al
between’thefirstappearanceof eelt-exciteddiet.urbances
and the onsetof trtinsiticmis expectedto be much longerfor a
relativelystableflowjfor vihlchRe is lar~e,tha~for a

C* ,
relativelytistiableflow,for which Rgcr~+m “issmall“andthe

ifitialrate of empltficattonis large.

On the basis of theseobservations,trensiticmis delayed- ~ti
(

increased)hy withdrawingheat from the fluidthrou@ the solid “
surfaceant is ailvancml3T addingheat to the flu$a throu@ the
Sol%a.Burface,as comparedM“th the insulatedsurfaceat the same ‘
Madh number’.For the insulatedsur’face,tz%naitionoccursea.rller
as the Mach numberis increased,as comparedti.ththe flmt-~late
flow at very low Mach numbers. h~en.the frcm-streelnVelOCitYat,
the edge of the boundaryL~yerf= supersonic,trqnnltionnever
occursif the rake of huat withdrawalfrm the fluidthroughtile
solidsurfacereachesor oxusde .acriticalvaluethat depends
only.on t~e Mo.chnumhov(sectioii6’0and ffLw.~ and 8).,

A cmparison botwoonthe resultsof the presentgsis and
measuromontsof transitionis possfbleonlywhoa the treo-stmeam
pressuzzegraiiientir3zero or.is held fixedwhilethe frcm-stream.
Mach nmbor or the thormd conditionsat the soliasurfaceare
Veriod..Li-nn and:Fi~ (r~f~rence‘19)have~asureathemov~-
ment of the transitionpoint on a flat plato at a very low free-
streamvelocitywhen hoet @ appliedto the surface. They found
by moans of the hot-wireanemometerthat R .; “declined

=tr

frou 5 x 105 for the insulatedsurf:.~ceto a.valuo of approxi-

matesly 2 X 105. for T1 = 1.36 wh@n”tho.bvel of f!ree-stream

turbuknco

/

(~)2,
—- was 0.17 percent,”ortoa valueof 3x105

()
u~G 2

~ih~n

r

=2. 0.05Qercent-and.!TI. L,@. Tho valtioof R~tr

()
92”” .

,..‘
aeclincsfrom 470 (approx.) to aOO (kpprox.) in th~ firstcaseanii
to 365 in tho SOCOZKI,

,,

-Fri.dxan~McCu3bcgh (reference20)o?xmrvd the mriatim in
the traneit~onRe~olde number~ihonheat ia appliedto the upper
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swbfaceof an NACA 65,2.016airfoilat the nose sectionalone,at
the sec%icmjustahea~of the ~nhmzmpressure station,and for
the entireMmLnar run. When heat i,eappliedonlytothe nose
section,the tiansitiwReynoldsnumber(determinedby total-pre~sure-
tubemeasurements}was practicallyunchanged.Near the nose,
Re << Re and the strongfavorablepressure~adi.entin tie

%n”
regionof the stagnationpoint stabilizesthe laminarboundarylayer
to suchaa extentthat the‘additionof heat to the fluidhas only
a nq~glble effect. When heat is applted,howver,to the section
suetahead.of the minimm fiessurwpo~t, whew ~ ~essure
wadients are moderate,the transitionReynoldsnumber Rea

declinedto a valueof 11~ for TX -1.14, c~~ed. with a value
of 16Q0fcm the insuhted surface~ men heat Is appliedto the
entirelaminarrun, declined.to a value of 2070 for T1 * 1.14. ,R@ti . “.

It woulabe interestingto investigateexper3mantallythe
stabilizingeffectof a.withdrawalof Beat”frcm the fluid.at-super-
sonicvelocities.At a~ rake,on the basisof .&e resultsobtained
in the e~a-imentalinvesti~ttonsof the effoct of heatingon,
transitionat low speeds,the resultsof the stabilityanalysis
givethe properdireitionof this effeot.

7. Stabilityof the LaminnrBoundary-LayerI?lowof“,a(2sswith a

I&essureGradientin the Directicmof the Eree Stieam

For the casoof an incompressiblefluid,Pretmh (reference9)
has shownthat evenwtth a prossum grailtentin tho directionof
the freo stream,tho localmean-velocitydistrtbutlonacrossthe——
boundaryIayorco~letoly aetermlnestho “s%abili%ycharacteristics
of the ~g~a-~laminarboundary-layerflow at largeR~olds numbers.
Trom physicalc~iderattona this”wtatomentahoziliiapplyalsoto
the compressiblefluid;providedcmlythe stabi~ty”of the flow
in the boundaryIayoris Consiiierodand not“thopossib.lointer-
actionof the boundarylayerand the main “externalwflow, Further
studyis requiredto settlethis question.

If onlythe local,mean velocity-t~oratum distributionacross
the boundarylayeris foundto be significantfor laminarstability
in a ccmprossiblofluid,the crit~ions obtainodin the prosont “
paperand in rd%rence 8 me thti immediatelya~licablo to laminsr
boundary-layer~E flowsin whichthereis a fhe-streampx3E3f3ure
gradient. The quantitativeeffectof a prosmro .grad.kmton laminar
stabilitycouldbo re~y determina by means of the approximate

.

.
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estimateof IQ~r~ (eq~ti~ (5.7)),in terms of the diskibtiion
.-

awof the qimtlty p—
dy

acrossthe boundarylayerF Such calculations..

(mpubllshed}have eilreadybeen carriedout by lM. C. C. Lin of .
BrownUniversityfor the incoggmesslblefluittby means of the
approximateestimsteof Re givenin reference5, part Ill.

,cr~n

In any event,the qualitativeeftect of a free-streamPressme
aw

gradienton the localdistributionof p— acrossthe lmmlary
Q

layeris evidentlythe sam in a compressiblefIuidas in an incom-
pressiblefluid. If the effectof the 10cA pressuregr~ent alone,
is considered,the velocitydistributionacrossthe box layer
is ‘?fullert~or more convexfor acceleratedthan for uniformflow,
and conversely,less convexfor deceleratedflow. Thus, from the
resultsof the presentpayerthe effectof a nepyrtivepressure
aa~ent on the .lalninarboqndary.layerflow of gas is staiDflizing,
so far as the localmoan velocity-temperaturedlstrilmtha Is con-
corned,whilea,positivepressuregradientis destabilizing..For
the incompressiblefltid,this fact,isweu establishedby the
Raylei@-Tollmiencriterfon(reference3),the work of Eeisenberg
(reference1) and Lin (reference~), and a mass of.detailedcal-
culationsof stabilityUmits from the curvesof a against R
for the neutraldisturbances.These calculationswere recently
carriedout by severalGe-mmninvestigatorsfor a.comprehensive
seriesof pressuregradientprofiles. (Se*,forexamplO,refer.
onces9 and 21.)

Some idea of the rolativoInfluenceon lezalnmstabilityof
the thermalconditionsat tha solidsurfaceand the frm-stream
pressmo gradientis obtainedfromthe equationsof mean”motion.
At the surface,

or

.,

[01

.,
d m+l 1
— P:w -—

82 d~*

*dYl=
-—— —

‘1’%’ m+l—
%2 ‘1

UO*-~
(’7.2)
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sml.1.or moderatepresmme gradients
fl~ .=15,, :

) dw
eay the distributionof p- is sensitiveto the thermalconditions

w
at the solidsurface. For example,the ohordwlsep6sitionof the
pointof instabilityof the laminarbouMary layeron an airfoil
with a flatpressuredistributionis expectedto be stronglyinflu-
encedby heat conductionthroughthe surface. (Seereference20.)
For the insulatedsurface,the equationsof mean motionyieldthe
followingrelation(appendixD), which&oesnot involvethe pressure
gradientexplicitly:

[ (]‘~2
()
w~1 3d%’

—.

dY2:dYl

. ff(m+ 1)’(y - 1)M02— >0 (7*3)
~12

The effectof ‘taerodynanicheating”at the surfaceopposesthe
effectof a favorablepre%uie giadientso far as the diswibution

of p—‘w acrossthe boundarylayeris concerned(equat%ms (7.2)
dy

and (7.3))...The relativequantitativeinfluenceof thesetwo effects
on MmLmr stabilitycan onlybe settledby actual~lculatlcxmof
the laminarboundary-layerflow in a compressiblefluidwith a ~ee-
streampressuregradient. A methodfor the calculationof such
flowsover an insulatedsurfaceis @ven in reference22.

When the localfree-streamvelocityat the edge of the boundary
layeris supersonic,a negativeyressure~adient can have a decisive
effecton laminarstability.The locallaminarboundary-layerflow
overan insulatedsurface,for example,is eqected to be cmpletely
stablevfhenthe magnitudeof’tho localnegativopressuregradient
reachesor exceedsa oriticalvaluethat depcmd~onlyon the local
Mach numberand the pro~wties of the gas. The criticalmagnit~tie.

odwof the pressure~adient is that whichmakestho quantity ~ p—
Wti

sufficientlylar~ negativelynear the surfaceso that \ /

‘4!%%-)]=”.*-[1-2X(.)]
T* c

.

.

.

1
When c . 1 .—...

M.

,



It has alreadybeen shownin the presentpaperthat when MO >3

(qx.?mx.) the leminarboundary-layerflow with a unifom tiee-stieti I
velocityis completelystableuuderfree-flightconditionswhen the
solidsmface is in’thezmalequilibrium,that is~ when the heat
conductedfrom the fluid@the sur~acebalancesthe heatradiated. “
from the surface(sgction6b). The IenQnerhoundery-layerflow
for themaalequililm~.ashouldbe ccsapletelystablefor Mo>Ms,
say,where Ms< 3 If there,iaa negativepressure~atient in
the direct~onof the free stream. Favorablepressure~adients
existover the forwardpart of sharp-nosedairfoilsand bodiesof
revolutionmovingat supersonicvelocities,and the l~ts of 6w-

(
b3.lity Re

)
of the laminarboundarylayer”shbuldbe cal-

crfi
cuLatedin such cases.

I&ma studyd the Dtabilityof the Mninar boundarylayer
in a co~ressiblefluid>the followingconclusionswerereached: .

1. In the compressiblefluidas in the incompressiblefl~d,
the influenceof viscosityon’thelaminarboundary-layerflow of
a gas is destabilizingat very largeReynoldsnumlmrs. If the
free-streamvelocityis subsonic,any hminar boundary-layerflow
of ~.s is unstableat sufficientlyhighReynoldsnumbers.

2, Regardlessof the free.streamMach n-umber,if the roductof

the mean densityand the“man vortici.tyhaa an extramum
(()

dw
~ P—
ZYw

\ .
vanishes

)
fcm somevalueof w> 1 -~ (whero w is the ratioof

moan velocityccmponentparallelto the”swface to the f2ee-stream
velocity,and where ~ is the free-streamMach number)the flow
is unstableat sufficientlyhighReynoldsnumbers.

3.The actuallimit of stabilityof lamina~boundary-layerflow,
or the minimumcriticalReynoldsnudber ~ is determined

crfin’
largelyby the distributicmof the productof the mean densityand
the man vorticityacross,the boundary
c3st5Jzu3teof P~ ~s obtainedthat

cr~n
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the influenceof I%ee-stretiMach mmiberand thezmalconditionsat
the solidsurfaceon laminarstebikl%y.Yor zeropressuregradient,
this estimatereadsas follows:

[T(cII1.76Re
crti

“kc:ti

where T is the rattoof te@eratu-e at a pointwithinthe boundary
layerto free-streamtemperature,T~ is the ratioOF temperature
at the solidsurfaceto the free-streslnvelocity,and 00 is the
valueof c (theratioof phy v~:ijyOo~Wtisturbanceto the free.
streamvelocity)for which .- . . The fmcti.ons v(c)
and h(c) are definedas follows:

.

,

.

#

c .,

where

n nondimensionaldistancefrom surface ,

4. On the baf3isof the stabilitycriterionin conclusion3 and
a studyof the equationsof mean motion,the effectof addingheat
to the fluidthroughthe soltdsurfaceis to reduce ~ and to

Crmin

.60



destabilizethe flow,-as comparedw22ththe flow over an inshted’
surfaceat the-saneMach nuniber.Withdrawingheat throu@ the
solidsurfacehasre~ctly the o~positeeffect. The value of ~ cr~

for the laminarboundaxxy.layer flOW overan @sLlla’tedsurfacedecreases
as the Mach nmnberficreases,and the flow is destabilized,as com-
paredwith the Blasiusfl”owat low speeds.

5. ~en the free-ktreamvelocit~is supersonic,the Wminar
boundarylayeris completelystabilizedif the rate at tilichheat
is witlndrawnfl?cmthe fluidthroughthe solidsurfacereachesor
exceedsa certainkriticalvalue. The.criticalrate of heat tr~f~r,

for which RQ
()

&v
+OJ , is thatwhichmakes the quantity ~ p—crtin tidy

sufficientlylargenegativelynear the surfaceso that

L‘1 - 2A(C)3-r(c). Oj~ when ..c= co.. 1 -~. Calculationsfor
~ M.

severalsupersonicMch n~bers’betwsen1.30and~.00show that
for M. > 3 (apprcx-) the criticalrate of heat W.ithdrawalfcm,.
laminarstabilityis with~nthe ortierof ma~tude of the calculated
rate of heat conductionthroughthe solidsurfacethat balancesthe ..
heat radiated,fron the surfaceunderflree-fli@.tconditions.
Thus, for 140>3 (apprex,) th6 kmizqarboundary--layerflow
for thermaloquilfbrlutnis completelystableat all Reynoldenumbers
in the absenceof a positive(adverse)pressure.gradiontin the
directionof tho free dream.

6.Detiild CaCfiLItZIOIM of’ the c-es of.~mve n~ber (inverse

wave length)againstReynoldszwmherfor tho neutralboundary-layer
di.sturhancesfOr 10 represontfftivecasesof insulatedand non.
insulatedsurfacesshowthat also at subscmicapoedsthe quantitative
e~ffecton stabilityof thG thermalconditionsat the solidsurface
is vary large. For e-lo, at a Mach numberof 0.70,the vqlue
of R6 iS 63 when T2 = 1.25 (hec.t”addedto fluid),

crtin %)c~& = 126

when T1 = 1.10 (insulatedsurface),and ~Ww~. =5150 .“tienT1=0.70

(hoattithtiawqfrmfltid). Since RX* s2.2~~~, the effect

on Rfi is even greater.
Crmn

7.The resultsof the analysisof the.stabilityof laminar
bo~”ry-layer flowby the Ilnoarizotimethodof smallperturbation&
must be appliedwith careto predictionsof transition,whichis a
nOllkhlo~phenomenonof a ~fferent ordOr, Withdrawingheat fromthe

.
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the solid.surface,however,not ~

the initialrate of amplificaticmof

tioreasesReGr~n

the self-excited

which is roughlyprcpcmtim.al to
‘/F=; awiOn

of heat to the fluidthroughthe solidsurfacehas’theopposite
effect. Thus, it canbe concluded-that(a) transiti.mis delayed

(
Reti increased by withdrawingheat from the fluidand advancetlby

)
addingheat to the fluidthroygh+thesolidsurface,as conparedwith
the insulatedsurfaceat the sameMach nuiiber,(b)for the insulated
surface,transitionoccursearlieras tlm Mach nmber is inoreased,
(c)when the free streamvelocityIs supersonic,transitionnever
occursif the rate of heat wSthdrewalfrom the fluidthroughtho
solidsurfacereachesor exceeiisithe oritioelvaluefor which
% .~~, (Seeconclusion~.)
crti

Unltkelaminarinstability,transitionto turbulentflowfn
the boundarylayer5s not a purelylocalphencmenohbut dependson
the ~reviouahistoryof the flow. The quantitativeeffectof the=
conditionsat the solidsurface.ontmnsi.tionaependson the existi~
presmre gmxiientin the directionof the free streem,on the part
of the solidsurfaceto T&ioh heat is applied,and so forth,=
well as on the init5.almagnitudoof the iiisturbances(Mvel of free-
streamturbulence).

A coqparismbetweenconclusion7(a),baseacm the ?mmI.tsof
the stabilityanalysis?ana experimentaltivestigationsof the
effectof surface,hbatingon traneiticmat low speedsshow that
the resultsof the presentpaper givethe properdirectionof this
effect.

‘8.Tho resultsof tho presentstudyof hm5nar stabilityoan
be efiendedto LncLudelaminarbouuda~y-layerflowsof a gas in
whichWere is a pressure@adient in’the direct~onof thefreo “’
stream. Althoughfurtherstudyis reqnirod,it fs ~esmma that
onlythe 10calmean velocity-temqe~atu’.%distriblxkl.ondetermines
the d.abi.lityof thb localboundati-lsyerflow. 2P that should
bo the case,the effectof a pressuregradie@ on Mninar,stabtlity
COuldbe easilyca~oulatedthrou@ its effwt on tie localNstri-.
butionof the productof mean densityand moan vor%ieityacross‘
the boundmy layer.

When the free-streamvelocityat the ‘edmtiof tho boundary
layer‘issupersonic,by analogy~th the
tithdrmml of heat tim the fluid,Zt is
boundary-layerflow is completelystable

62
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.
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when the negative(favorable)pressure@m.iMentreachesor exceeds
a certaincriticalvaluethat dependsonly cm the Mach numberand
the pro~rties of the &s. The leminerboundary-layerflow overa
surfacein thermalequilibriumshouldbe completelystablefor
Mo>M~j say,where ~ < 3 if,thereis a negativepressure

gradientinthe directionof the free stream

“ Lan@ey MemcmialAeronauticalLaboratory
NationalP.dvisoryConmitteefor Aeronautics

LangleyFieltL,l%., September5, 1946

.

●
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APEENDIXA

.

.

CALCULATION03? ~ APHMRIw m TKE 3Nv3xK!lDsOIUI?IoNs

b orderto calculatethe l$tdtsof stabilityof the laminar
boundarylayerfrcaurelations(2.21)to (2.29)betweenthe values
of phasevelocity,wavenmber, andReynoldsnumber,it is first
necessaryto calctiatetho values of the intewals ~j Hlj ~~

~p> ~3} ~3) Snd SO fO@l, vhich13pp0ar@ the eXCeSSiCnS f03?

the irrviscidsoluticms %_(Y) and 92(Y) and~~~ ~fivatives

at the edge of.the boundaxylayer. These inte~als aro as follows
(equations(2.13),(2.9),and (2.10)):

rY2HI(c) =
(w- C)2*

T
JY-1
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IY./1

fmd so for-m.

Terns of
for ql and

(W. C)2

higheror~erthan cc3 in tiieseriese~essions
92 aro neglected. Wnt3n a < 1, the errorinvolves

an
is snmllbecausethe termsjm the seriesdeclinelike ~. Even

a.
for a >1, however,this approxDnationis Justifiedlat leastfor
the valuesof c that appearh the stabilitycsd.culationsfor
the 10 representativecasesselectedin tho present-paper.For
example,the leadi~ tezm in R.P. Nm+l(c), Were k = 2J 3Y . ● . Y

.

H

~3 ‘-1
oIs approximately~ ——————— multipliedby tho loadingtsrm

k! 3(1 ~ C)
. in R.P. N3(c). The quantityin the bracketsis at most 0.12 im

the presentcalculations;for examplej R.P. iT5(~)= 0.06R.P. N3(c).

.

Moreover, R.?.

relationsetist

addition, R.P.

at most.

Similarap~”oximate

l.%(c);and, in

~3
~(c) s (1- c) ~R.P. I?3(c)z

The only integralfor whtohthe irM@nary
is Kl(c). At the end of this appen~lx,it is
tributionsof the tiginary parts of E~, q>
negligiblein comparisonwith the contrilnztion

O.Ol~R,P. N3(C),
.

PEZC%iS calculated .
ihownthatthe con.

and N3 ara

of I. P- Kl(c).

GeneralPlan of Calcuhqtion

The methodof calculationadopttidmust tske intcacco~mtthe

fact that the valueof d

.()

d.,?

~ %7
at the poj.nty = yc, whc3rew = c,
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stronglyinfluencesthe sta’btlityof the Iaminarlloundazylayer.
Accordin@-y,the integralsare brokenintotwu parts;for exan?ple,

= Ku(c) + K~(c) - MO*

where yJ > yc. The irrhefgal

,

[01.dw
Kll(c], whioh involves ~ P—

.Q Q %Gc’
is calculated very accurate.1.y,

more approximate~thOa as follows:
whereas lK1~(c)is ca%cd.atmd by a

(1)

This inte~al 3.sevalua%titas a POW=..seriesm c. ‘The
velocityprofile %~y) is approximatedby a parabolicerc plus a
strai@t-liM se~nt for purposesof integrat~on.In the more
ccmplexintegrals ~, M3, ~ N35 the indefiniteirrta-

~

>7

~

IY2
T T“”

@’ells — dy and dy are,evaluatedby 21

YJ (w - C)2 ~ (w - “C)2

or 41 point’nm.ericalintegrationby means of Sfipson1srule. The
valuesof w(y) are read from the velocityPzzKilesof figures1
and 2. The vale of y~ . yl = a is 0.40 tn the yresentsericmof

calculations;thisvalueis chosenso that the point y . yJ 5EI

-nevertoo closeto the singularityat y . yc. Take

.-

—

●

.

(2)

66



.

NACA TN NO. 1360

that appearsin ~, M3~ ~ N3~ is evaluated.by e~nding the

integr~ in a Taylor’sseriesin y - Yc and men i~tew~t~g the

seriestermby term. The path of’integrationm’wt be takenbelow
the point y = yc ti the com.l~xY-pl.e.ne.

Insteadof calculating‘Ae valuesof the velocityand tempera-
(n) and Tc(n) directly,it is simplerto relateture derivativesWc

~eae derivativesto theirvaluesat the surfaceby Teylorts’series
of the form

@
,, (n+2)

~wl(~).+w:~+’~p .T;)+L(y -y,)’+. . .c 2! c

The derivatlvosat the surface ~m(~) ~d ~~n) ere calctited

‘Em inte~al Kll(c), fiu,e-le, is finally

power seriesin yc . yl = a and in YJ - yc = a -

involvinglogs. The phse veloclty c is related

( -%? ).43a3+; *ec.w’a+—d ~+’-.
1 2 ZJ:

where

obtainedas a

u, plus terms

to a Vy

Terms up to the cmdeiof a5 are retainedb orderto includeall

termsinvolving WI%
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Zn orderto il.lu.stratethe method,tho evaluationof ~(c)

is givenin sanedetail,as follows:

(1)Ihaluationof K~(c):

(a)Define .

Now

T

(7J. C)2 =

where

~=(a=yc+(ac’w’(;);%= ● ● ● ~if
68
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where

!-fc=.1.

.

l?c’~

$= ‘ = —“

2W ‘
c

. .

~ (k)
~c(k+l)

c
= (k + l)wc’

Then

and

P

{[ -

K&)=-l-- :C-
()~ct 2 Y--Tc

L

++(;)’’’~y,-Ycy+-l -ye),]+ ● .:.
c

+*(;’jk+l) [(Y, -J$yY’l -Y=)’]+● ~.}
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where

.,

The coefficients are expressed

of T and w at-y= y-q as follows:
*

Define

Then

()
fk yc =

=

Y~) =a. a

in termsof derivativaa

T
fo(y)= . —

(W’p

.
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. ,.. . ,...,,

(Themethbdahop~ed“fk”~;;~~c~atio~’”of fk(a)(yl) from the

(J) and T3(j) iS @venvelocityand temperaturederivativesW1

it the,end of this ap~~~: )’-

From the e~ession for KU(C),

= Z.P.~(c) ‘“,“,‘ ““1.P.q~(c) . .
,.

()=A-flyc
..

‘1
R. F.~(c)+ =.co+c1a+c2u2 +. . . 5+ C>cl .

-L

where

=6fvi
.4 0 01

Y~
-1-
‘— J720

. .

,.-

so = ()~~Y1 +a2f3(y1)+ a3f4(’Y1) + akf5(y1)+ a5f6(yJ+ . . .

71
●



- [2af3(JQ+3a2f@l).+‘3f5(yl) ”+-5a4f@J+● ● ●]

- [ti5,(YJ -f-*..]+-[kf6(Yl) + :..]

‘- %+1
dk=-

E - %.,~l(r+ l)!
do = 1.0

.

.

~,(k)

%=? e = O*4Q
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f

3-2
K@ =

‘I! “’/
~y4 (v - C)2

d ,,
“,.

. .

where

The velocityprofile w(y) ie approximatedby a parabolicarc
in the interval 0.40~ y -Yl~Y3 -Y~ and by a strai~t line

(w= Constant.
<%)) --

~ the ~~e~ y
3

- yl~ y - 3=l&l. o.

The valueof 3’3 i.sdetermined3y @po~ing the conditionthat the

area mxierthe parabolic-arcstweight-Mns se~ent .squEIlsthe area
underthe actualvelocityprofile w(y) ~ the interval

O.hO~ y - yl ~ 1.0. The ~arabolicarc w = z + m(r - Y,)+ n(? - Y1)2

is determinedby the followingconditions:

when y =y4 <l,
,.

w = 1

W1 =0

73
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w= ()Try
J

(J)where w y is read off the velooityprofileof figures1 and 2.

The valueof Y4 ie chosenso thatthe parabolicarc fits the
veloc~tycurve w(y),closelyoverthe wideetpossiblerange.

For a = 1,

Therefore

ak‘Tl@k.+2+Jk+2)- ~~- ‘)‘% ‘~](’k+l+’k+~j -~%%c”k)

where

and

74
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~k is evh.xded by a~otimntlng w(y) by a parabolicarc as

fOllows:

[

m+-*(Y - YJ 1
33 -Y~

~2&3 4(-n).—. —
‘k-l

‘= - *A ~ +.(’- yl)+n(y -,$]~-’ 2k-2 A

where A . m2 - kh.

M a controlin the calculationofm

z ak(k+l)Ck for K12(c), tie Is made of the fact that,frcm

the definitionof Z,. and J,.,

J0040

the seriesexpression

s L-

and therefore

/ak+l\ 1 k

The remainder
approximately

after N -termsin the seriesfor K12(c) is given

%y ..
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The realpa% of ~(c) is obtainedby combiningthe results
of (a)and (b);that is,

R.P. K1(C).=‘*P* ~u(c)~+]:%,(c) -M:

(2)Evaluationof H~(c):

The integrandof this integralis flceeof s~guleritiesin the
re@on of the ccmplexy-planeboundedby y = 71 and Y = 72;

therefore E (c) ‘i.eevaluated.by purely-numericalintegration.The
iactualproceure employedfor the calculationof Integralsof this

t~e is as follows: (Theinte~al HI(C) servesas an illustrat-
ion. )

.

where

76
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and

(b}
the
the
is,

With the a~roximationthat the viscosttyvarieslinearlywith
absolutet~erature, the velocity w is the same functionof
nondimensionalstreamfunction ~ es in t??eBlasiusflow;that

.

,,
where ~ is definedby the relation d~ = Pwdq. (appendixB)..,,

Xhmthese relations

* since d~= lb dnB. Moreover,

where

for 0 = 1.
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(c) FinaU-yj fromthe relations give; in (b),

r “’””“
..~ .—

where b. is the valueof 6 ————— fw the B1.asiusflow. For
@ X*

the insulatedsurfaces, bo, whioh is somewhatarbitrary,was

ohomn aa 5.~; whereasfor the noninsti.tedsurfsees, b. = 6.OQ.

(me tiue of I% at qB = ~.~ is o.m; }fien~ = 6.oo,

% = o.~p. The valueof b for the tmmlated surfacesis the

value of n at which w = 0.9$3%;whereaO b“ for the noninsulwbed——
surfacesis the valueof ~ for which w,=b0.9975.) The advantage :

[

o“
of thisprocedurqis thatthe integrals V~ncl,~nare calculated -

!0
onceand for ~1.and the valueof”El(c) tiependsonlyuyon tile

valuesof b and c. E3 fact,

.

since

and
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A180,

f

b.

“ %a?5=bo-1”730

00. .

and.

See appendixB. (bcidentally,the lastrelationshowsthe effecti
of tree-streamMach numberand thermalconditionsat the solid
surfaceon the ‘tthiclm.esst~of the boundarylayer.)

(3) &aluationof ~(c):

I
‘2 T -M&r- C)2

L

y (W - C)2 ~
H2(C)=

Y~ (V-C)2 ’41 .T

.
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Define

.

.

f!

Y2 Y
E* (c)=

(77. c)*wti
.—

2 T
}71 Y~

(a) The inte~al E22(c) is evaluatedby methodssimilarto thosa

alreadyoutlined.for.the evaluationof Hi(o). Thus

where

[( “) Y-,lM2 1 Y.-1T= T1- T1. l- ——----o ~.——_
2

~02%2.
. 2

*

.

The nine integralsin

numericalinte~ation

the expressionfor ‘1122(c] are evduahl W

usingSimpson?srule.

m
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(b)Define

Define

The integral ~12( c) is eyduated as follows:

81



NACA TN ~0. 1260

But

.

so that

(v - C)Q
.——

T

.

.



.. .. . . ..,., .

where

.

.,

and

. ..

/ , ““”
-b
br”cpdq ““ ‘“G(V; c) = —

T
l-j

.,

..

. .
. The lnte@al. P(c) iEIevsluatedby ntmlerica,linte~ation using

Sbpson’s rule;the requiredvalueeof w are read directlyoff
the velocityprofilesof ti~mes 1.and 2. F~lly}

%12(d = K12(c1 H@ - p(o)

The integral HP,=(c) is evaluated. in exactly the same w.y

as K~(c) where

*(Y) =2+-- ~(, -ye)+-[r.,c): +...
c
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By LesterLees

The presentpaper is a continuationof a theoreticalinvesti-
~tion of the stabi.lltyof the lamtnarbomdary layerin a ccm- *
pressiblefluid. An appromte estimatefor the mintimncti.tical
Reynoldsnuz!iber~ cr~n> or stabilitylimit,is,obtai.nedin terms

of the distributionof the lclnematicviscosityend the productof

the mean density X and mean vorticity
d~*

acrossthe loundary
~

.layer. With the help of this esttmatefor R@a- , it Z$ shownW*
that witihdrawingheat from the fluid,throughthe solidsurface
tacrea8es ~ cr~n and stabilizesthe flow,as ccauparedwith the

f~ow overan insulatedsurfaceat the sameMach number. Conduction
of heat to the fluidthroughthe solidsurfaceh= exactlythe
oppositeeffect. The value of ~ for the insulatedsuzzfacecr~

decreasesas the Mach numberincreasesfor the caseof a uniform ‘
free-streamvelocity, These generalconclusionsare supplemented
by detatledcalculationsof the curvesof wave number(inverse
wave length)againstReynoldsnumberfor the neutraldisturbances
for 10 representativecasesof insulatedan~ noninsulatedsurfaces.

So far as lsminarstabilityis concerned,an importantdif.
ferenceetistsbetweenthe case of a subsonicand supersonicfroe-
strmm velocityoutsidethe“boundaryLayer. Tho neutralboundary-
layerdisturbancesthat are significantfor hminar stabilltydie
out exponentiallywith.distancofrcm the solidsltiface;thomforo
tho pha80Velocity C* of thosedisturb_mcesis sulxmnicrelativo
to the free-strealuvelocity ~ - or UO* - c*< ~, where a~*

IJO*
is the localsonicvelocity. When = =Mo< 1 (where ~ is .

ao*

free-streamllachnumber),it followsthat OS c*S C*mx; and eqy
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lsmlnar boundary-layerflow is ultimate~ undable at aufficlentl.Y
highReynoldsnmbers becauseof ,thedes~abiliz~ actionof vis-
cositynear the solidsurface>ss ea~~ed, by ~%dtl fo~,me

inccmpresaiblefluid. When M. >1, ho~v$r, ~>1 .+>0.

‘ [,(=g~=n 1sIf the quantity

the rate at whichenergypassesfrom the

uofi- L9A0

largeenou@ negatively,

disturbanceto the mean

flow,whichis proportionalto
‘e [+ (=$$)l~=c: ‘=

altiysbe largeenou@ to counterbalancethe rate at whichenergy
passedfromthe mean‘flowto the dislnmhancet)ecausoof the desta-
bilizingactionofiiscositynear.the soli~surface. Xn.that case
on.y“dampedUsttibencosexistand tho lctinarbovndnryl%voris

J

coxpletdy stableat allReynoldSnumbers. This co~ti~ OOCUTS
when the rate at whichheat is withdrawnfrom tho flui~through
the solidsurface reachesor exceedsa criticalvaluethat aeponds
only on theMach numberend tho propertiesof ths ~s. Calculi-

I

ttonsshowthatfor MO >3 (~pyrox~) the hminar bou~~ry‘Mysr

-flow for thernmlequilib~ium- wherethe heat conductionthrou@l
the eolidsurfacebalancesthe heat radtatedilromthe surfs-co= is ‘
completely~tebleat allReynoldsniunhbrsunderfree-fli@t conditions
if the free-streamvelocityis uniform.

,.
. .

.

P

The resultsof the analysisof the s%ldlity of the lcmirwr
boundarylayermust bo appliedwith careto discussionsof %ransi-
tion;however,withdrawingheat from tho fluidthroughthe solid
surface,for example,nat only increases Rg but alSO

cr~
decreasesthe initialrate of smplif$cm.ticmof tho self-oxcitod

disturbances,whichis roughlyproportionalto
1/6”” ‘w’ “

tho effectof the themal conditionsat the solidsurfaceon the
traneition”,Re~oldsnmnbbr

‘etr ,
1s similarto the effecton ~

crtin”
A comparisonbetweenthis Gon’elusionAnd experiwq$x.inve@igations
of the effectof surfacehea”tin~~on transitionat low spceti~hows
tluitthe resultsof the presentpaper giveMO pr@er”@ection of
this effeet, ..,

The extensionof the resultsof the stabilityanalysisto
laminarboundary-layer,gas flowswi~ a pressuregradientin the 5

‘directionof tho free stioanis discusaod.

2
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31wwwcTIoN

“.,.. By the theoreticalstties of Heisenberg,!I!oUmien,Schlichting,
and Lin (references”lto 5) and the carefulexpertientalinvesti-
gationsof Liepmanp(reference6) and H, L. _ and his aseo-
,ci~tes(reference7),ithas been definitelyestablishedthat the
flow in-thehilnar boundarylayerof “aviscoushcmiogeneouqincom-
pressiblefluid is unstableabovea certaincharacteristic~itical
Re~olds number. When the levelof the disturbancesin the free

. streamis low, as in most casesof technicalinterest,this inherent
instabilityof the laminarmotionat sufficientlyhighReynolds
numbersla responsiblefor the ultimatetransitionto turbulent
flow in the boundarylayer. The steadylaminarboundary-layerflow
would.alwaysrapreeenta possiblesolutionof the steadyequaticms
of motionsbut this steadyflow is in a stateof unstabledynamic
equilibriwnstovethe criticalRe~alds number..Self-exciteddis-
turbances(ToKbnien~ves) appearin the flow,and.thesedisturb-
ances growlargeenougheventuallyto destroythe lsminarmotion.

The questionnaturallyarisesas to howfie phenomenaof
leminarinstabilityand transitionto turbulentflow are modified.

“when the fltidvelocitiesand temperaturev~iations in the boundary
layerare largeenou@ so that tho c~ressibility and conductivity
of the fluidcan no lonflerbe neglected..The yresentpaparrepre-
sentsthe soconaphese of a theoreticalinvestigationQf the sta.
bilityof the laminsrboundary-layerflow of a gas, in whtchthe
compressibilityana heat conductivityof the ~ as well as its
viscosity,are taken intoaccount. The firstpart of this mrk ‘
was presente~in reference8. The objectsof this investigation
are (1) to duterminehow the stabilityof the 1~ bound~y
layeris affected.by the free-stroamllachnumberand the tkrmal
conditionsat the solidboundaryand (2) to obtaina betterUnder-
standingof the physicalbasisfor tho instabilityof laminargas
flows. In this sense,tho presentstv.dyis an extendon of the
Tollmien-Schlichtinganalysisof the stabilityof tho laminarflow
of an inccmrpressiblefluid,but the investigationis also concorned
with the generalquestionof boundary-layerdisturbancesin a
comyrossiblofluldend theirpossibleinteractionswith the main
externalflow.

SYMBOLS

With minor excopthns the symbolsused in thispaper am the
sameas thoseintroducedin reforonce8.’Physicalquantitiesare

,

3
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..

denotedby an asterisk,or sttijwhereasthe correspondingnon-
dbmsional quantitiesare unstarred..A bar avera quantitydenotes
mean Yalue;a primedenotesa fluctuat~m;tie ~sWiPt o denotes
free-streamvaluesat,thp “edge”Of tie b.om~ b=; me ~ub-
Script 1 denotes,valuesat the solidsw’fa.oe;and the sub-
script c denotes,valuesat the inner‘criticallayertt,fiere
,thephasevelocityof the Mstur’banceequalsthe mean flowvelocity,
The free-streamvaluesare the characteristicmeasuresfor all non-
dimmisicmalquantities.l!hecharacteristiclengthmeaeureis tho
boundary-tiyerthiclmess 8, exceptwhereotherwiseindicated.
Note thkt in orderto conformwith st~nda~ notation,the symbol 5
for’lm.mdary-la.yerthicknessis unatazn%d,itiereasthe synibols5*
“and“O are usedfor boundary-layerdisplacementthiclniessand
boundary-layermomentumthickness,respoctivel#.

distancealongsurface

distancenomnalto surface .,

time .,

componentof velocityin fi:dirocticm

componentof velocityin ~-dixection

Edm3amfunction

densiiyof gqs

‘pressureof.gas

for mean flow

temperatureof gas

laminarshearstress

ordtmarycoefficient:ofvtsco~ityof gm ..

kinematicviscosityof &s
(~l*ip*) ~

1}
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e

C&

thermalconductivityof gas

specificheat at constantvolume

specificheat at.constad pressure

gas constantper ~am

ratio of specificheats @p/cT); 1.405for air
.,

complexpliasevelocityof ‘boundary-layerdisturbance

wave lengthof

boundq2y-layer

boundary-layer

boundary-layer

wavenmiberof

boundary-layerdisturbance
.

tld.ckess

“ [0’-””’3Misplacementthicbess

boundary-layerdisturbance (2Jt/?b*)

R ()
.—
PO* UO* 5

Reynoldsnumber
Q,“

—.
PO* UO* e

‘e=~
Mlo*

M. Mach n.miber

,(-)””

o

& .0‘

5
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1. PmLmARY

In the firstphaseof this investigation(reference8) the
stabilityof tho laminarboundary-layerflow of a ~ is analyzed
by the methodof smallperturbations,whichwas alreadyso auc-
ceasfulllyutjll.zedfor the studyof--thestabilityof the laminar
flowof an Incompressiblefluid, (Seereferegce5.) By this
methoda nonsteadygas flow is investigatedin whichall physioal
quantitiesdifferfrom theirvaluesin a givensteadygas flow
by smallperturtatiomthat ar~functionsof’the time and the spaoe
“coordinates.This nonsteadyflowmust satisfythe oompletegas-
dyo.amicequationsofm@ion and the fs~ebou@ary cmditions aa
thelgivenL3txmdyfi.ow.The questionis whetherthe nonsteadyflow
dampsto the steadyflow,oscillatesaboutit, or divergesfra it
with time - that is, whetherthe smallperturbationsare damped,
“neutral,or self-exciteddisturbancesin time, ax@ thuswhether
the givensteadygas flow is stableor unstable. The anal.yslsis
particular~ cohcernodwiththe conditionsfor tho existenceof
neutraldietwbances,whichmark the transit3.onfrom stableto
unstableflow and definetho minimumcriticalReynoldsnumber.

~ orderto bringout someof the principalfeatur~sof the
stabilityproblemwithoutbeccminginvolvedin hopelessm?Ahe-
maticalcomplications,the solidboundaryis takenas two dimen-
sionaland of negligiblecurvatureand the boundary-layerflow 3.s
regardedas planeand essentiallyparallel;that is, the velocity
componentin the directionnormaltmthe surface“isnegligibleand
the velocitycom$mnentparallel-tothe surface3.sa functionmainly
of the tistancenorml to the surface. The smalldisturbances,
whichare also two dimensional,are analyzedintoFouriercom-
ponents,or normalmodes,periodich-the directionof the free
stream;and the amplitudeof eachone of thesepartialoscillations
is a functionof the distancenormalto the solidsurface,that

is; u%.1 ia(x-et).~f(y)e .

In the studyof the stabilityo$’thelaminarboundarylayer,
it till be seenthat onlythe localpropertiesof the ltparallel’t
flow are significant.To includethe variationof the mean velocity
in the directionof the tiee streamor the velocitycomponentnormal

.

●

.

P
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to the solidbomdary In the problemwouldlead onlyto higheromier
termsin the differentialequationsgoverningthe disturbance,
since~oth of thesefactors~re inverselyproportionalto the local
Reynoldsnuniberbased on the boundary-layerthicbess. (See,.for
example,reference2.) By a carefulanalysis,%etsch has shown
that evenwith a pressuregredientin the directionof the free
streamthe localmean-velocitydistributionalanedeterminesthe
sta~ilttycharacteristicsof the lccalboundary-layerflow at
largeReynoldsnumbers(reference9). Such a statementapplies
only b the stabilityof the flqw withintb3 boun~ layer. For
the interactionhetweenthe boundarylayerandamEti ‘externalYt
supersonicflow,for example,it is obviouslythe variationin
boundary-layerthicknessand wan velocityalongthe surface.that
is Significant.(Seereference10.)

The aforementionedconsiderationsalso lead quitenaturally
to the studyof Individmlpartial oscillationsof the

form f(y) of~~x-et) for whichthe dtfferentislequationsof
disturbancedo not c&ain x and t explicitly.Those partial
oscillationsare ideallysuitedfor the studyof instability,for
in orderto show that-aflow is unstableit is unnecessaryto
consider.themost generalpos~ibledisturbance;in fact:the. simplesttill suffice. It ie onlynecessaryto show thata
particulardistmrbancesati.sfying the eqpationsof motionaniithe
boundaryconditionsis self-excitedor, in this CS.SO,that the. ,. ima@nary pprt of the complexyhasevelocity c is positive.)

h reference 8 the differentialequationsgoverningone
‘normalmode of the Usturbances In the Lam3.narboundarylayerof
a @S were dertVedand sttied very thoroughly.The completeset
of sulutims of the disturbanceequationswas obtainedand the
physicalboundar~conditionsthat thesesolutionssatisfywere
investigated,1% was foundthat the finalrelationbetweenthe
.Valuesof c, a, and R that determinestinepossibleneutral
disturbances(lim!tsot stability)Is of the sametom in the
Compmxmible fluidas in the incoqmessiblefluid,ti a first
ayproximation. The basisfor”this resultis the fact that for
Roynqhisnumbersof the orderof thoseencounteredinmost aero-
*TM?ELCproblems,the twqxn?atum disturbanceshave onlya negligible
effecton thoseparticularvelocitysolutions“ofthe ti”sturbance
equationsthat dependpr~lly og the viscosity(VLSCOUOSOIU-
ttons). TO a;f~~t approximation,threetiscohssolutionsthere-

. foro do not dependdirectlyon tho heat conductivityand are of
the sameform as in the Incompros,siblefluid,exceptthatthoj
involvethe Reynoldsnumberbased on the kinematictiscositynear

. tho solidboundary(whorothe viscousforcesaro important)rather
than in the frcm stream. ~ this firsta~pro-tion, the second

7
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viscositycoefficient,whichis a measureof the dependenceof the
pressureon the rate of changeof densityjdoesnot affectthe sta-
bilityof the laminarboundarylayer. 11’omtheseresultsit was
inferredthatat largeReynoldsnwnbersthe influenceof the ~~ecous
forceson the stabilityis essentiallythe sqmeas in an incom-
pressiblefluid, This lnfe~ienceis borneout by the resultsof the
presentpaper.

Theinfluenceofthe inertialforceson the stabilityof the
laminarboundarylayeris reflocte~in the behaticmof the asymp-
toticinviscidsolutiotiof the tisturbancoequations,whichare
indepon~entof Reynoldsnmber in firstapprodruticm. The results
obtainedin reference.8showthat the behaviorof the inertial
forcosisd.ominatodby the distributionof the productof tho mean

dw
tlensttyandnman vcwticity p— acrossthe boundarylayer.

Wd dw
(The

()
gradientof this quantity,or —— p— , tiich,playsthe samerole

*W
as the gradientof the vor-kl.city-inthe case of an,incampromxlble”
fluid,is a mea.suroof the rato at whichthe x-momentumof tho ~
thin layerof fluidnear tho criticallayer(vhere w = c)
increases,or dwzroasos,beta.usoof tho trensyortof momentumby
the Msturbance.) In ordorto clarif~e behaviorof tho lnortial
forcos,the limitingcaseof an Inviscidfluid(R-+~) is atudiod
in detailin roferenco8. The followinggeneral,criterlonsare

obtained.
()

(1) If the quantity ~p~ vanishesfor mmmvalue

of W> l-$: thenneutralandself-~xcitedsubsonicdisturb- “’
o

ancosexistand the in~iscidc-essible flow i~ Unstable.

()
(2) If the quantity ~ p% doosnot vanishfor somevalue

.
Ofw> l.+ thenall SUQSOP3C Msturbances of’finilm wave

lengthare =ed and the inviscid~~resslble ~low is stable. ~
(Outsidotho boundarylayerjthe relativevelocitybetween the moan’
flow and the x-co~onent of tho phasovelocityof’s subsonicdis-
turbanceis 10SS thanthe mean sonicvelocity:.Tho magnitudeof
sucha M.stic%anceties out exponential.lywith djJWancefrom the
solidsurfs.co.,)(3) In goneralj a dichurbancogains oner~ frbm

[c!!(whore w =,c) and 10SOSpnergyto the moan flbw if ~ p: <O.

*C
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.t.:?~....
The generaletibiiit~,mj$gtiio~,,%or

~low dve some insight.intotie effectof

. . . .

intiscfclco~resslble
,theinertialforceson

thb s~hility, but ~ey cannotbe taken”overbodilytiathe’real
conprossiblefluld.,~Of .courseJZ$’s flow is ~~ble ~n we .
Minitingcase:ofan infiniteReynoldsnwberi the flow is -table
for a cmrttinfinitertige.D2 Re~l.ds’nimiber.A Compressiblefl~
th~’tis stablewhen R -+ ~, hoyever,is not necessarilystable
at all~finiteRe~ol~ nurdmrsytienthe effectof viscosityis
takeninto,ac~ount,.O~e of the.objectsof the““~esmt-paperis. .
to settlethis question. ... . . J.,, ,.

,. ..... . .
On’the basisof the stabilitycriterion;‘obtainedin refer-

cnce8, sane gener~lstatementswbro~de c~ncem~ -we effset of
thalaalcbndltionsat the solidboundary~on the Stability““of’laminar
bomy.layer flow. It i~ concluded&om P@ical measofdngand

()
a studyof the equa~i.ons”oflmoanmotfonthat tho quant~ty:~ P-,. q. :.,.’ .,,

.()

a. ‘<.’~ ~; .“i:.~f
vanishesfdr somevalueof w > C HZ

%,= ‘ >. . ..

bilizedby the actionof”tke Inertialforcesbut,stabilized ~~,
tkwouglithe increaseof kinemtic Vfs.ccwityn-, the SOlidfl~f~C.e.

()

a. “>* “’ ...
When , the reverse.istrue.” The’gtistionof’whichof ~

GL

these effect~ 2S“~re~’~~tit.C* %e answeredonlyby ftither,study
of the stabilitypyobl$rn‘ina reaJ.compressiblefluid. , ...

./:
,’. ,, .,

h the”preee~tpay~~,thi&~nvest$gatton.i~bo@inued alo~”tie
following,,lines:, :” ‘- ‘. :“ ‘“~’

..”., ,“ ...,,.,

9
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(2) The conditionsfor the exietenceof neutraldiwturh-
ancesat largeReynoldsnumberare examined(studyof asymp-
toticform of relationbetweenelgen-val-uesof c, a, =d R)-

(3) A relatively simple expressionfor the approximate
valueof the minimumcriticalReynoldsnumberis derived}.
this expressioninvolvesthe localdistributionof mean
velocityand mean temperatureacrossthe boundarylayer. This
approximationwill serveas a crlteiiionfromwhlghthe effect
of the free-streamMach numberand thermalconditl&s at the
solidsurfaceon the stabilityof laminarboundary-layerflow
is readilyevaluated.The questionof the relativeinfluence

of—thekinemntfcviscosftyand the distributionof @ ondy
stabilitywouldthenbe settled.

(4)The ener~ybalancefor smalldisturbancesIn the rd.
compressiblefluidis consideredin an attemptto clar~fythe
physicalbasisfor the instabilityof leminargas flows,

(5) In Order to swpl~ent the investiwtions OUtlined .
In the fourpzecedfngparagraphs,detailedcalculationsare
tide of the llmitsof stability,or the ciu’ve”ofa against R
for the neutraldisturbancesfor severalrepresentativecases
of insulatedand noninsulatedsurfaces. The resultsof the
calculationsare presentedin figures1 to 8 aniitablesI
to IV. The methodo~computatfono~the statilitylimitsis
brieflyoutlinedM reference8, althoughthe calculations
were not carrfedout in thatpaper.

In th?present investigationthe work of Heiepnberg(refer-
ence 1) endLin (reference~) on the”etabil.-ityof a real incom-
pressible,fluidIs naty.rallyen ~ndispensableguide. In fabt,.the
methodsutfllzedin the presentstudyare analogousto thds”o“
developedfor an Incompressiblefluid.

The presed paperis concernedonlywith the subsonicdisttirb-
antes. The amplitudeof the subsonicdisturbancedies out rapidly
with distencefrom the solidboundary, In otherwords,the neutral
subsonicM.sturbsnceis am llelgen-oscillationl’confinedmainlyto
the boundarylayerend existsonly for discreteeigen-valuesof c, -
a, and R that determinethe limitsof stability”oflaminar
boundary-layerflow. Disturbancesclassifiedin referenoo8 as
neutral~tsupersonlc,tfthat is, disturbancessuchthatthe relative
velocitybetweenthe x-componentof the phasovelocityof sucha
disturbanceand the free-streamvelocityis greaterthen the local
mean so~d speedin the free stream,are actuallyprogressivesound

.

.
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.

wavesthat fmpingeobliquelyon the bcunderytiyerand are reflected
. with changeof amplitude.For disturbancesof thist~e the wave

lengthand.phasevelocityare obviouslycompletelyarbitrary(eigen-
values~e cotitinuous), and thesedisturbanceshave no si@ficance
for boundary-layel’stability.

When the free-streamvelocityis supersonicf% > 1’), the
subsonicbountiry-layerdisturbancesmust satis~ the requirement

that Uo*-c* <~* or c>l-~ (for 1~<1, c~O). NOW~

by analogywith the case of an inc~resstble fluidIt is to be
e~ected that Sor valuesof c greaterthan eon criticalvalueof co,
say,all subsonicdisturbancesare damped..Thus, when M. > l.)
thereis the possibilitythat for ce~tatnmean velocity-temperature
di~tributionaacrossthe bouudarylayersncndwalor ~elf-excited
disturbancessatisfyingthe ditferen%ialequationsof motion,the

1
boundaryconditions,and,also,mephysicalrequirementthat c> l-~

%
crumotbe found. In that event,the laminarboundaryflow is stable
at all Re~olds numbers.LThis fiterestingpossihi.tityis lnvestl-
gated.in the yresentpaper.

2. CALCULATIONOF TEE LIM3XSOF SMBILITY OF TEE -AR

BOUNDARYIAYE!3IN AVISCOUS COIIDUCTIV32GAS
,,
.. . .. .

E orderthat the completesystemof solutions-oftie differ-
entialequattonsfor the proyagatio~lof smalldisturbancesin the
laminarboundaryliayershqllsattsfythe @ysical boundarycondi- -
tions~the phasevelocitymust i!.epcmdon the wave length,the
Reynoldsnuuibfir,and the Mach numberin a mannerthat is determined
entirelyby-tholocaldistributionof mean velocitiyand mean tempera-
ture acrossthe boundarylayer. .Inotherwords,tho onlypossible
submmlc disturbancesin.tho laminarboumlarylayerwe thosefor
whichthereexistsa definiterolatio~of the form (referOnce8)

~= (c a, R, MO*) (2.1)
. .

Since af R,

equivalentto
and.MO*are real qwintities,the.relation(2,1)is
the two relattons

Xl.
\
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(~ WY R) M.Q)
(Z.111) .cr*o

c,= Cifa,R, %2) ‘(2.lb)

( %~’). o (or@=The curve cl % i’, %’)) for the neutral

disturbancesg!.vesthe IAni%sof stabilityof the 1- boun~
layerat a givenvalueof the Mach Rumbm, From ~is c~ve Cm be
determinedthe valueOY the Reynoldsnumberbelowwhtchdisturbances
Or all mve lengthsmm dmped and aboVe~oh se~-e~i~ed ~sturb-
ancesof’certainwave lengthsappearin a givenlaninarboundary-
layerrlOw.

tireference8, itiG
the phase,velocityand the

shownthatthe relation(2.1) between
wayq Mngth takesthe fo~o*@.w3f-:

E(i c, !&)=F(z) (2.2]

In equation(2.2), F(z) ia %lm TietJensi’m.t:m (referenceU)
deftiedby the relation

F(z),=1 +-

where

( -‘)
&wG? w

z = (Yc “ h)%
. (2.4)

(1) iS the ~qnkelfunctionof’tie first.kindand.the quantity Hi/3 ,,
of order 1/3. The I@ e dewlxw differe.ntiatimtithrespect
to y. Thef~c~~o~ E?~~~~Mo2)J *~cha~~~~~~on~e

12
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asymptoticinviscia.solutions ql and ~ (sectim $ of refer-

ence8) and not on the Reynoldsnumber,is def~med as follows:

i ———

I TI’ -Mo2~2

where

}:

(2.6)

and y
1 @ 3’2 are the coordinatesof the so~d..surfacema the

Y-m of the 3ouiiy &yer, respecti~ely. ,,

The Tietjensfuncttonwas carekly recalculated.in reference8,

andthe real an~ ima@nmy parts of the function Q(z) =
1

1 - F(z)
am plottedin fi~ze 9. (Thefunction Q(z) is foundto be more
suitablethan F(z) for the actualcalculationof the stability
limits.)

sericmin ~ as follovw(section6 of reference8):

. .
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( )= (w - C)~ ~%~(,;’ C, M$)T1 Y; ~2, C, M02
n=o

w

.

(2.7)

(2.8)

where’for n ~ 1

and

ho = 1.0

mdfor n~l

)/[%+l(Y;‘) %)2= y -s.- “ Id’M: qw- C)’2

~1 (w-C)2
~ ~-I(Y; c, Mo2)dy (2. Ml)

~yl

%( )y;C, & =
[

T—.
1

Jfo2 Q
(w - C)2

The lower Emit In the integralsis takenat tl.e.mrface merely
fop conveni=ce. When y > yc, the tith of integrationmust be

takenbelowthe point y = yc in the complexy-plane. The powr

seriesin a2 are thenuniformlyconvergentfor my finitevalue
of CL,

.

.
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A% the surface,the invtscid.solutionsare readilyevaluated

Qu=.c

~1
911’ = .1

1

(2.si.)
921 = o

‘1
~21’ = -;(

T1 - M02C2)

At the ‘redgenof the boundarylayer,the imiscld solutionsa~e.
most convenientlyexpressedas fol.lows:

=s
.

,. ,,

“~12‘
[

S-(l-C) 1-

‘MO,(l- c),]~:%a.,.’’o~)

(1 - C)2

[

1-

%2y=(1-C)
“ ‘02(1-q~;~~, ,,:)

(1 - C)2 n=o
.

,(2.12)

,
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Ho= 1.0

:

%.1(CJ “0$=

q~,M02) =

1-1. &(l- Cp “-
(1. C)2 ( )hmi Y2; c) M02

-1
1- ,1M02(1- C)2

(k’s’213.’+1‘2; c’ ’02)
(3.- c)~

lro = 1.0

.

.

. (2.13)

.

,

{ )With the afd of equations(2.11);the e~esston for E al c, M02

can be rewrittenas followst

( ) 1 (q’ 922’ + B!?=)-
12a, c,M02= —. — (2,14)

1 +A(c)

( )+?(
WIJ q=’ + Pqz 912‘ + %2)

where
●

✍✎✌
✎✌✎

✌✌

--)WI ‘(Yc - Y1
L(c) = — -1

c
(2.15)

The relation(2.2)betweenthe phasevelocttyand the wave length
is brou@t”into@ formmore s~table for thecelculmtio~of the
stability’kbnitsby making use of thefact that for real-values

( )of c the imaginarypart of E a, c, M02 is contributedlargely

.
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by the integral.KL(c,M02); (The procedureto be followed.is
identicalti.ththat usedby Lin in the limiting‘case”of
the incompressiblefluid (reference7, part III).) Definethe
function Q(z) by the relation .

Q(z) = 1
1 -F(z)

Then,

where

U-tiv=l+
.:;~:::%) .

Equation(2.17)is equivalentto the two real relations

(j.(z)=.!.

or(z) = (1+

The real and.*@nazzy parts
ftgure9.

(1 -I- X)T

(1 + XU)2 + ?U%2

x)

of

(2.16)

(2.17)

(2.19)

(2.20}

0(z) are plotteda~inst. z in

% The dominantterm in the imaginarypart of the right-handside

( %’)}of equation(2.18),whichinvolves K1 c, is eti=racted“bymeans
Gf strai@t~orward elgebraic $ransfg~t ions. Relation(2.18)becomes

17 .



.

u+ iv=

1.

g“f,+~.f-a+)

uhore

‘When c .iareal,

[2.21)

for thosevaluesof u end c thatocourti the steb~ty calculation.“ (This
JwWied laterh appemtlxA.] !L’he~m partofthe integralKl(c,%2)
It 1s fomlathet

(2.22b)

.
i:



.

NACA TN No, 1360 .

md. WI

G .F- *C.
.... . .,

,.. . . ,“.,,
. .

()Tc wj. TCZ ‘ :
= -lc~-——. —

( )
,(2.23)

WC.*2W’T
‘*.c c

Now A(C) is generally quite small,tthorei’oreQi(z) c~.nbe
takenequalto v(c) and #r(z) can be taken equalto u as a
zerothapproximation.Fmm equations(2.19)and (2.2o),when c
is real

~p)(z(~)) XTil‘C Tc ( ),
n

*C Tc?
=-T=————— .—

‘1 ()WCC L? WCY rJ”
c

,.

(2.24)

By equation(2.24), Z(*) is related‘~ c with the aid of figure9;
,-.

and by eq,u.atfon(2.25), U~’~ 2S alsOre~ted to ~, me ~mtity ~
is connectedwith c by means of the;identity

u,C

()

zwlr3
‘aII==, —“

“W=ql + @ c

and the c-orrespon~~valuesof u ar6”obtained
(slightlytransformed.)by a rne$hpdof,successive

(2.26).“

flmm equatton(.2.21)
approximdions.

., . . .
. . . . .
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Thus,
i- .“ \ -t

where

,, ,’

WI*C ( )
.,

“T~
.TJ= —R,S’. K1+—

‘1 Wltc

(Thesmols Mk and ~ now designetetho real>arts.of the
integrals Mk ar@ Nk.) The iterationprocessis”-be~ by taking
a suitabl~initialvalueof a on the ri@t-hm~d side of oqua-
tiOn (2.27).The methodsadoptedtor ccmpwtingtilleaolnte~als
when the mean velocity-temperatureprofileW knownare described
in appendixesA to C.

.. .
For greateraccuracy:the valuesof z

real valueof c are ccnqputedby wccessive
eq~tio~ (2,19)and (2.20),

and.u for a given
approximatiorm.I?rcml

{2.27)

,.,

(2.29

.

.

1-

The valueof v is alwaysapproxinwtodbyrehtion (2.24), .

Curvesof tiven~bor againstRe~olde numberfor the neutral’
.

disturbancehave been calculatedfor 10 re’pre~entativecases
(fig.4), the% is, insu.latodsurfaceat Mach numbersof O, O.~, , ~
0.70,O.gO,1,10,and 1.30 and heat transferacroasthe so.12dsurface

20



at a Maoh numberof
ture to free-strean

,, .! .:..,.
N~~ m No: @O
. ,,

0.70wit bv&G of the ~atioof s~face ttiera-
tm~tme Tl ‘ofO.~0,0.80~0.90,and 1.25.

(It is foundmore desirableto has; the nondimensionalwavenumberand
the Reynoldsnumberon the momentumthickness G, ~~ch is a direct
measureOf the d%u friction,ratherthan on me bo~mdarY--er thi~-
ness 6, whichie scmswhatindefinite.)

h figure 5 the minimsmcritical Reynoldsrn?niber~ or
or~ny

stabilitylimit,is plottedagainstMach nuuiberfor the insulated
surface;and in figure6(e) PQ Is plottedagainst”Tl for “

~min
the cooleaor heatedsurfaceat a Msoh numberof 0.70. The ~ked
stabilizinginfluenceof e ti-thdrawalof heat from the fluidis
clearlyetident, Discussionof the physioalsignificanceof these
numericalresultsis reserveduntilafter generalcriterionsfor
the stabilityof tho lamtnarboundarylayerhavo teen obtained.

3. “DESJ!AJ31LIZD!TGIl?FIZENCEQ??VTSCOSZFYAT VIZCtLARGEEUTYNOIJ3!3

the

NUM6ERS;EXZENSIONOF HEZ3ENBERG!SCEU3Z!RION ‘

TO m CO!NI%XSSIBIEI!’ii

The numericalcalwlation of the limitmof stabilityfor several
particularcasesgivessow indicationof the effects.of free-stream
Mach numberand therma,lconditionsat the solidsurfaceon the sta- -
bilityof th~ leninarboundarylayer. It wouldbe ve~ desirable,
however,to establishgeneralcriterionsfor laminarinstability. .
For tho incompressiblefluid,Eeisenberahas shownthat the influence
of.viscosi.tyis generallydestatik!zi.~at v~ry largeRemolds
nwabers(reference1), IIiscriterioncan be .9tat0aas follow: 3Z’
a noutrbl,disturbence of nonvahishingphasovelocityand finitewave
lengthexistsin ti inviscidfluid (R+m) for a givenmoan velocity
distrilnztion,a disturbanceof the saw wave length2s Imstablo,or
self-excifjed,in the real fluidat v~ry large (butfinite)Reynolds
nmnbors.

The same conclusionoan bo drawnfrom Prandtl’sdiscussionof
the encmgybalancefor smalldisturbancesIn the laminarboundary
layer (referenceLn). “

- Heisanbergfscriterionis establishedfor subsonicdisturbances
in the laminarboundarylayerof a compressiblefluidby an argymnt
quites3milarto thatwhiohhe gave originallyfor the incompressible

. fluidand which%W latersuppknmntedby Lin (reference5, part III).
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..7,,’

At very largeRqnolih numbers,the relation(2.L) betweenthe phase
‘velocityand the wave len~h can lje~~si’dera.bl$”s~lifted.When k
is fl~te and
numbers. The
ao ~zt-+al

c does “notvanish>
asymptoticbehaviorof
is givenby”(reference

(J’1.

.,,

.

,.. .

and the relation(2.1.)bec~s “ “’ T

Supposethets neutr.a’ldisturbanceof nonvtiishingwave

(3.1)

(3.2)

inv,iscidfluid (l~ting caseof an infiniteRefiohls.number). The
phaseYelocity,c 2s a continuousficti,onof R, and.fa’ ~ die.
turbqneeof’Givenwavenumber ~ the ~al.ueof. c at very large

,, Reynoi.M.numbers-willdifferfrcm’c~ by a smallincrement .Ao.

Both ddea of equ~td’on(~.~) can km developed2D a Taylor1ss’cries
‘in ‘Z?ic:and an

(.E1q, Cj

,. .1,.
. .

expressionfor Ao can be-”obtaineda~ follows:

(3.3)
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.

.

.

.

The boud.arycondition .

(’3.4)

must be satisfiedfor the inviscianeutraldisturbance,and the

(function El as, cS,M02)

.
vanishes,(equation2.14). Recognizing

that

reducesequation(3.3) for Ac to the ~orm

YdJ4
AC=

From”equation(2.14),

(3.5)

23



BY equatilone(2.12) and thebomdary condition ()(3.4),thequantity~ ie avaluate(l
%%

8s i%l.lows:

ti

T&Ierethe prlmm now denutediffercmtiationwLthrespectto c.

.()
‘aE’

‘-ti* z
ca~wa

. . ,

la GImn approrircatelyby therelation

# . . ,
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and the e~ession for Ac is

Evaluationof the integral K&, yieldsthe followingresult:

T1 ‘m Q

[01

a W!
Kl~, Mo2)=-v+~ — —

~C,3QT
()

(kc-
1“

ix) + 0{1) (3.10)
W2C

[01
~t

Sincethe quanttty ~ — Vaniahes(reference8),tiffer-
dyT

w=c~

entiationof equation(3.10)gives

.3\

. (3.iU

Thus, ‘ C~,M025( )
is approximatelyreal end positivefor small

VQhX Of Cs. With C~ >1 -~, I.P.Ac must alsobe positive——
0

(equation(3.9)); therefore,a subsonicdisturbanceof wme
length k~ ~0, whichis neutralin the inviscidcompressible

fluid,is self-excitedin the real cozqpressiblefluidat very large
(butfinite)Repolds number..
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h refermce 8, itwas provedthat a neutralsubsm.icboundary-
Myer Us.turbanceof nonvanishingphasevoloct%yand.finitemv@
lengthexistsin an Lnviscidcompressiblefluidonly if the quan-

()

&%-
% P—

‘ity w Q
vanishesfor somevalueof’ w> 1.- ~. If t~s

o
conditionis satisfied,,then self-excited.subsonicdistuz’bancea
also existin the fluidfand ‘he lmkhmr boundarylayeris wstable
in thelimiting caseof an.infiniteReynoldsn~or. By tho exben-
si.onof IRxLsenbergtscriterionto.“thecompressiblefluid,it can be
seenthat,”‘farfrom stabilizingthe flow,the,smallviscosityin
the real fluidhas,on the contrary,a destabilizingInfluencoat
very largello~oldsnumbers. Thus, any laminarlmundary-layerflow

()

a dW
in a viscousconductivegas for whichthe quankity - p— vanishes

w .@
1

for somevalueof w >1 ..7 is unstabloat sufficientlyhi@ (but
A*Ao

finite}Reynoldsnumbers.

Unlet3sthe condiiiiin.d—&E.?
)w ~v
=0 fdrscme valueof w>l -

is sati.efted,an subsonicdisturbancesof finitowavelengthare
dampedin the limitingcaseof infiniteReynoldsnumber,end the
inviscidflow is stable. SillC~the OffeCtof viscosityiS tis-
tabiliztngat very largeReynoldsnumbers,however,a kminar
boundaryflowthat is stablein the limitof infiniteReynolds

.

nuniborisnot necessarilystableat lar
T

Reynoldsnumberswhen the.
vtscosityof the fluitiis considered. S00 ftg.4(2).) In fact,
for the incompressiblefluid,Lin has shown.that ove~ kmi.nar
boundary-laycwflow is urmtabloat sufficientlyhighReynoLds

llzwnumbers,mhdhor or‘notthevorticitygradient — vanishes(refor-
.’ ~2

ence 5, pax% XXX). In orderto settletlrh!questionfor the cozn-
prossiblofluidin gonezwl-terms,tho relation(2.1)botwoonthe
complexphasovelocityand tho wave lon@h at lar~oICeynoldsmmibers

()

&wmust now be studiedfor flowsin whichtho quantity ~ P—
%$ w ‘OOs

not vanishfor any valueof w >1 . ~.
M*

,.,.
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‘4.SZABIILDDOF LAl~AR IARGE REYNcms InlMEms
r

The neutralsubsonicdisturbance’marks a mssible “boundar~”
betweenthe damped@ the self-exciteddistm%ance, that 1s, -
betweenstableand unstableflow. Thus, the general’conditions
umlerwhichself-exciteddisturbancesexistin the laminarboundary
layerat largeRe~olds numberscan be @etezmMnedfrcm a studyof
the behaviorof the curveof a against R for the neutral
disturbances,When the mean free-streamvelocityis subsonic (Me<o>
the physicalsituationfor the subsonicdisturbancesat large
Reynoldsnumbersis quitesimilarto the analogoussituationfor
the incompressiblefluid. The curveof a against R for the
neutraldisturbancescan be e~ected to have two distinctasymptotic
branchesthat enclosea re@on of instabilityin the a,R-plane,
regardlessof the localtlistributionof mean ve$ocityand mean
temperatureacrossthe boundarylfiyor.When the-meanfree-stream
velocityis supersonic

(“o> 1,
the situaticnis somewhatdif-

ferent;undercertainconditions(soonto be defined)a neutral.

or a self-excitedstisoni.c dlsturlmnce

(’%)

cannot exist

at any valueof theReynoldsnuziber.For this reason,it 3s more
convenientto studythe case of subeo-nicand supersonicfioe-stream
velocityseparately.

a. SubsonicFree-StreamVelocity
(“o< ‘)

‘Theasymptoticbehaviorat largeReynoldsnmibersof the curve
of cf..against R for the nbutraldisturbancesis detemimd by
the relations(2.19)to (2.22)between a, R, and c fcm real
valuesof c. For smallvaluesof a and c, theserelations
are givenapproximatelyby

SWltc TC2
v(c) = QJZ) = E--G!!d Wt

--— -.,
‘1 ~t3&#()c W=c

.

(4.1)

u = or(z) (4.2)

2’7
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a= +w-=i?(~ .

(4.3)

(4.4)

e.dclttkIf’ z remdns f’inite as R-+=; then c +0;
and by equation(4:1)~ Gi(z)eO. Therefae, z+ 2.29 while

u—.2,29 (fig.9). From equaticms(4.3)and (4.4),alongthe
lowerbranchof tilecwrveof a against R for neutralstability

~= (06 -M02)3’21—.— —

c z 2.29-rn—

l’.?

a

1-%2

(4.5j

(4.6)

and a-+ O at large Reynolds numbers (fig. ~(~)).

.

.

—



does not vanishfor my val.tieof w> O,
c m~~approach zeroas 2+-. Along

thenhy equation(4.7)-
tlxtsbranch,

.

,,

CXi$Z?a
and d-+ O at largeRemolds nwibers(fig,

oa. WtOn the otherhand, if — —
ayT

vanishes

1

7-”
a

.,

of W4.CS>O, thenby equat~cui(4.7), c +c~ and a+a~

es ~ z and R approach ~. NOW,

(4.8)

(4.9)

w)l.c’k’)].7+{R-jl-[%)l?}:-+*j ●

[%71#.lfa+-,
(4.10)

does notvanish(seea~kndix D), then by eq,ua-

‘tiona (4.4) and
against R for

(4.7),alongthe upperbranchof the cirrveof &
the neutraldisturbances,

29
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. .
1“” ““l’ “1

.

(L.11)

.-
WqIc ,“J.

i
—l- M02(1 - C)2
‘1

and c.--.+c~+o, a+ag +

[ o#?W,

ati,f+(Z}).If — ——
dY2T”1

by

0 at largeReynoldsnumbers.(figs.L(k)

the relaticm(k.11)is replacedvanishes,

2(W1910 1 1
.—

(fxc~C* - C$)2 ‘
(4.13)-

whichre~ucesto the relationobttinedby
of an incompresstbl.efluid’when~o+O,

..- ipsulate~and $1 = O ‘for’somevalueof
tion (12.22)ofreferbnce~, part ZII.)

Lin in the limitingcase
the solidboundaryio
W=c S>O* (Seeequa-’

d

()

w?~ the q~tity — — ~~ishes at
dyT — the solidboundemy(that

is. for w= 0),

(apyendix D) that

it canbe shownfrom the equaticmsof motion

[ 01

~2 ~, ,
—. is alwayspositive. exceptin the
dy2 T,.

.—

.

limitingcaseof an inccmpres~iblefluid..For ~~ valuesof y,

posittveand increasing.

.“
.
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~t
For largevaluesof ‘y, homver, ~— +0, ph~icdlY; there-

fore ~
()

d- Wt
#

must have a maximum,or — — = O for,”somevalue
,“ dyT

of W>o; and this case 3s no differentfrom the generalcase
treatedin the precedtngparagraph:’Za the l~tinG case of .eninccun-

~2
pressibleflti.d~when # vanishesat the surface, w_U. w.iv.—

G

since Wrrf
1 alwaysvanlshosin this case. Frcni3equation

the relationbetween m and R alongthe ~per branchof
neutralstabilityc-wrveis therefore

-1.
2(V7

)
12

(4.8)‘-

the

(4,14}

which is identicalti.thequation(12.19)in reference5, part III.

.

0Thus,regardlessof the behaviorof the quantity ~ ~ .
dyT

regardlessof the loc~ldistributionof mean velocityand mean
temperatureacrossthe bounda~ layer - when B!.< 1, the curve
of a against R for the neutral.disturbanceshas two distinct
branchesat largeReynoldsnuhbers. IYcm plqvsicalconsiderations,
all subsotic disturbancesmust be dampedwhen the wuve lengthis
sufficientlymall (~ large)or the Reynoldsnumberie sufficient~
low. Consequently,the two branchesof the curveof a against R
for the neutraldi~thrbanc~smust join eventually,end the region
betweenthem in the a,R-planeis R regionof instability;that is,
at a @ven valueof the Reynoldsnmiber,subsonicdisturbanccm%fith
wave lengthslyingbetweentwo criticalvalues %1 and X2 (~

and ~) ‘areself-excited.Thus, when M. <1, any lam2nar
bound~-laYer flow in Q ~sc~~ ~nductfve gas is unstableat
sufficientlyhigh (butflzxI.te) Reynoldsrumimrs.

The lowerbranch of the c~tieof a against R for the neutral

()
disturbancesis virtuallyunaffectedby the distribtiionof ~ ~

dyT
acrossthe bowdaq- layer,but for the upperbraiichthe behaviorof
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W?tlueof‘--w= c; > 0, the neutralsubsonicdisturbancepasses

continuouslyintothe c~acteristic invisciddisturbancec= C8
and c&= ~ as R~o. This resultis in acccmdancowith the

resultsobtainedin reference9 for the invlscidcongmessihlefluid.
and is in agreementwithHeisenbergts criterj.on, In addition,

aU subsonicdisturbancesof finitewave length X > L~ = ~ (and
as

nonvaztl.shingphasevelocity O < cr < cs
)

are self-excitedin the

limiting-se of infiniteReynoldsnmibei. On the otherhati,

()
~1

when ~ - doesnot yanishfor any yalueof y-> 0, then
dyT—

exceptfor the llsingularltneutraldisturbanceof ‘zeroyhasevelocity
end infinitewave length (c . 0 and a = O), all disturbances
are dampedin the inviscidcompressiblefluid. This singular
neutralMsturbance can be regardedas the limitingcaseof the
neutralsubsonicdisturbancein a real compressiblefluidas R~~.

b. SupersonicFree-StreamQelocity (%> 1)

When the velocityof the free streamis supersonic,the sub-
sonicboundary-layerdisturbancesmust satisfynot onlythe differ-
entialequaticxmand the boundaryconditionsof the problembut

also the physicalrequirementthat Cr>+ The as~totic

behaviorat largeReynoldsnumhrs of the curv:of G against R
for the neutralmibsonicdisturbancesis detemninodby the a~proxi-
mate relations(4.1)to (4,4),with the additionalrestriction

that c> l-~.
,.

As C+l -~, a-+0 by equation(4.4);
o M.

therefore R~co by equation(4~3). me comosPo~n8va~uo (or
values)of z ie detwmtned by equation(4.1)as follows:

-.

*

.
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.

.

.

.

Now frcmphysicalconsideratfom, ~
()
~<0 for large

dy!l?
d

valuesof y.
()

Therefore,if - ~ = O (changessi~) for scme
dyT

1
[01

a. w’
~d-ue of w = cs > 1 - ~ ‘]lOnJ‘n &nOral~ GT

>0
0 l.J-

M.

and Q~fz)
~ <0 (equation(4,15)). Fra fiwe 9; i% can be

c=l-,~ ... .
lV1o

seenthat in this case thereis only me value of z (’z , f3aY
t)

)
correspondingto the value of @i(z) @ven bY eq~tion ~p”15 ●

From”equstions(4.2)“to(k.4), alongthe loyerbranohof the curve
of a against R for the neutral.disturbances,~

.

.

() 1’3 a
l.~

o ,.. . -..

,, . .

/

()11-.—
M.

-L
and c’~1 -_

M.
at brge Reynoldsmmbere

(4.16) .

(4..17]

(fig.4(k)). The upper

branchof the c~e i.nthis case 1s @ven by qyatione (k.11)

[ 01

~2 w,
and (4.12), or by equations(4.13) and (k.12) if —- —

d#T1

vanishe”s,with c-+ Ce > 1 - ~ and a+as + O.
,.. 0.”

.
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.

()E4-x wuiishesfor w = 1 - &, then z--+co as R-+co
dyT

alongthe upperbranchof the cyrve.of a: agaiqst,‘R for thq
WI‘

neutraldisturbances,and Qi(z)~ —. now Ct+o ,

I
R

2a — C3
1

a’s c+l-—
M.

in this casealso (equ%iori(4.17)titi ~ = ~=o)

so that

Along the lowerbranchof the curveof a against R at large
Reynoldsn=rs, a, R; and c are connectedl)yequations(4.16)
and (4.17),%dth Z1 = 2.29 and ~ = 2.29. In spiteof the fact

that d w’~T =Qforw= l”+, a neutralsonictidnn%ance

C=’-(l

0’
1

of flnttewave lengthdoesnot existin the tnviscid
~

fim

‘Jr Tfluidunless Kl(c)= — -

1

(SeeM02 & is positive,,
~ (w- C)2

section10 of reference8.) Calculationshowsthat Kl(c) is a~st .

alwaysnegative(equation(3.1.l));therefore,in general,the sonic
disturbanceof infinitewave len@h (a= 0) with constan~phase
acrossthe boundarylayerexistsonly in the inviscidfMid. (R--+m).

is certainthat

doesnot vanishfor any value of w~ 1 - ~, it
o

[01$i~

dyT 1
< 0 and.byequation(4.15)

*cl..—
M.

. —

.
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<0. %0 (approx. ), there are two

(valuesof z 20 and Z3, “say,with Z3 > ~] corresposithgto

the valueof 0+~z) givenby equation(4.15)~ (Seefig. 9● ) ~on~
the two as~totic branchesof the curveof cz against R fow the
neutraldisturbances,CL, R, and c are connectedby relations
of the form of equations(4.16)and (4.17),with z and u replaced.
by 22 and ~, respectively,alongthe Iomr, branchand by Z3

and ~, res~ectively,-slon~the upper’branch. At a givenv~lue of

the Mach number,the value or v is co.ntrolladby the thema 1 condi-
~M~-
Ma

ticmsat the solidsurface.(Seesectim”6.)Wheh theseconditionsare
suchthat V ~ s 0.5~, then z,-= Z9, ad the tm esjnnptoticbranches.c 2l-M= . . .

of the curveof a against R for the neutraldisturbancescoin-
ci~e. When v ~0,5m (Gpprox.), it is,impossiblefor a

. 11.—
MO

neutralor a self-e~ited mibsonlcdisturbanceto sxi.stin the.
lsminarboundarylayerof a viscousconductivegas at any valueof
the Reynoldsnumber. Iu otherwords,if VI ~ ~0.7@ ($PPZ*OX.),,

,,
-b%

the laminarboundar~layeris stableat all valuesof theReynolds “
numbcm. (Of coimse,in any givencase,the criticalconditions
beyondwhichonly dampedsubsonicdisturbancesexistcan be cal-
culatedmore accuratelyfrom the,relations(2.29)and (2.29).
See section5 on minimumcriticalReynoldsnumber.)

The precedingconclusion’can alsqhe dekcml, at leastqualitq-
ti~ely,from the resultsof a studyof tileenergybalancefor a
neutrals~sonic distmbance in the leminarboundazzy.hyor.“A
neutralsubsonicc?isturbancocan existonly‘fienthe destabflizin~
effectof idscositynear the solidsurface,the -ing effectof
viscosityIh me fluid,an@ the enor~ transferbetweenmean flow
and M.whuxbancein the”vicinityof’the inn.m‘criticallayertiall
balanceout to @ve a zero (average)net rate of ‘“bhti.geof the’
energyof the disturbance. (SeeSchliclrbing’sMscussionfor
incompressiblefluidin referonco4,) 32sreference8 tt is shown
that the sign and nw.gnitudeof the phaso shiftin u*’ tlzro@
the inner‘criticallayorilat w = c is dete~ed by tie si~
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[(land magnitudeof the quaniitty % ‘U The corresponding.‘
.

dy 1? :*C”
—— “-

epparent’shearstress TC*,= .@ U*W‘, whichis zerofor w < c in the
in~ziscidcompressl.blefluid,is giv~’by the followingexpremion
for W>c (reference8), .’.. . .,.,

If the quantity
H)]

a W!
is negative,the mean flow absorbs

GT
*C

ml
~t

energy from the U sturbance;if is positive,ener~
G T ~kc

p=ses fromtilemean flow to the U stmbance, Xa the“realcd..
pressiblefluid,the thicknessof the innercriticallayerin ~ich

-1
the viscousforcesare ~ortaut is of the orderof

A
~> and

th6 pl=.SOshift‘in U*;

of viscoustiffusion(of

AS shownby Prandtl

is actus.llybrought

)
the quantfty pdf

(referenceU?-),the

()
1/3~JL

UC

ah:putby the effects

throughthislayer.

destabilizingeffeet

.

of viscositynear the sol&lsWface is to shiftthe phaseof the ‘
‘frictionalwcomponent um*t of the dist~bancevelocityagainst

the phaso of the ‘ffricti.onl,essuor ainviscidwc~onent ~m*l

in a thin layer,of fluidof thickness.of we orderof

.~

1——,,.
R

cX—
‘L

By coiitlnuity,the associatednormalcomponent v&*~ is,of,the ..

. ..

. . .,-..-u.
,.,. .. .“.: . .

t“.:

1 of
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.

reference8, that
componentsof the

ti.on,pu*’+.*I

a+ “—*
Wending apparent

e~ression

-,.. -.

for largevaiues of @ the
disturbanceal~o satisfythe

%ictiomllfl
continuityreb -

= O ti the impressiblefluid.) The cmre-

.—
shearstress T1* . -pl*u*’v*’ is ~ven by the

But from equations(2.11)

ig

.,.,

.,

Ti* ra

T
c—

V1

Since the shearstressassociatedwith the dostabi~zi~
of viscositynear the solidsurfhcpand the shearstress
criticallayeract roughlythrou@out the

. .

ratio of tilerates of ener~ transferred

by the two physicalproceisesis

.,

near

(4.20)

(k.&)

..

effeet
the

fmme region of

(

appro-tdy

.,,. 37
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.

where

,“.

..! . .
. .

.,,
,.

3R J
zza ——.- —

Uc
()

?2
‘1

when w . cl, say; then the

the mean flownear the inner

negativeand suff~cientlylarge

rate at which.merw is absorbedby-

McriticaliayerttBlue the rate at whioh
the energyof the disturbanceis dissipatedby-viscousactionmore
than counterbalancesthe rate at whiohenergypassesfrm the mean
flow to the disturbancebecauseof the destabiliziiigeffectof
viscositynear the solddsurface. Consequently,a neutralsubsonic
disturbancewith the phasevelocity c ~ c1 bes not exist;in

fact,all subsonicdisturbancesfor which c ~ c1 =G damped.
When MO <1, thereis alwaysa rangeof valueaof phasevelocity

II

Ec+k
o<c~c; for whichthe ratio ~’ givenby eqmtion (4.22),=

is smallenou@ for neutral(andself-excited)subsonicdisturbances
to existforReynoldsnumbersgreater than a certainoriticalvalue.
When M. >1, howover,becauseof the physicalrecfuiremont

. ..
that C>l .:-> 0, the po~sibility”exietsthat for certain

Auo

themal conditionsat the solidsurfaoethe quantity
[01

d W’
GT

WC

H

EC*
is alwayssufficientlylargenegatively(andtherefore isq
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.

8--

.

sufficientlylarge)so that or!!y‘dampedsubsoticr%kturbancesexist

()

@
at”allReynoldsitibbrs,--Of course,if g -

dy’1
vanishesfor-some

valueof w= 1 - ~, it is certainthat V(c)< 0.580 for some
,0

range of valuesof the”phasevelocity 1 - ~ ~ c ~ co. In that
-0, -.. .

case,neutralan~ self-excitedsubsonicdi&rbanq?e alwaysexist
for R > Rcrtin and the flow is alwa”ysunstable“atsufficiently

highRopolde numbers,izaccordancewithHei.senberg?scriterion
as extendedto the “compress:~lefluid (section2).

A.discussionof the sigctficanceof theseYepultsis reserved
for a latersection(section6) in ihichtha behaticmof the quan-

a.

()

~r1

‘ity G -F
tillbe relateddirectlyto the thernmlconditions

at the solidsurface

5, CR?3WRIOi~

and the

.FORTHE

free-streamMach number.

MJXIMJMCK!YICXL33XNOLDSNUMBER

The objectof the stabilitr~alysis is not onlyto determine
the general-conditionsunderwhichth~ laminaxboun~ry layeris
unstableat sufficientlyhighRemolds nmnbersbut also,if’possible,
to obtainsane siqplecriterionfar the limitof stebilityof the
flow (minima crtticalReynoldsnumber)in tams of the loczl
distributionof mean velocityand mean tqerature acrossthe
boundarylayer. l?orplaneCouettenmtion (linearvelocityprofile)
~-ndplanePoise@.~e motion (parabolicvelocityprofile)in an
incompressiblefltid,Synge (reference13) was able to ~rove
rigorouslythat a minimumcriticalRe~olds numberactuallyexistsbelow
whichthe flow is stable. His proofappliesalso to the laminarboundary
layerin an incompressiblefluid,with onlya slightmodiflcati.on(refer-
ence 5, part IIX). Such a proof is more difficultto givefor the lsminar
boundarylayerin a viscousconductivegas;howover,the mcbknce,
in general,of a minimumcritical.Reynoldsntier can be inferred
~ompurely physicalconsiderations.A studyof the ener~ l)alance
for small.distmbances in the laminarboundarytiyor”showsthatthe
ratio of the rate of VISCOUSdissipationto-therate of ener~
transfernear the crittcallayeris lfi for a usturbance of
givenwave lengthwhl.lothe energytiianeferassoctwtodwith the
dostabilizirigactionof viscositymar the,solidsurfacoboarsthe

ratio l/fi to the ener~ transfernear the criticallayer. Thusj,.
\
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the effeotsof viscousdissipati~ wifipredominateat sufficiently
lowReynoldsnumbersand all subsmic disturbanceswillbe dalqped.
The two distinctaqmxptoticbranchesof’the curveof a against R
for the neutraldisturbancesat largeReynoldsrnmibersmust Join
eventmlly (section4) and the flow is stablefor allRe~Ms
numberslees thana certaincritic-alvalue.

Aa estimateof the valueof RWtin, whichwilJlserveas a . .
stabilitycriterion,is obtained.by takingthe phase.velocity c
to have the ma@mum possiblevalue co for a neutralSUlX30ni.C

disturbance,that is, for c > co all subsonic disturbances &e

damped. This conditionis very“’nearlyequivalentto the condition
that c(R be a mfnimwn,whichwas employedhy Lin far the caseof
the incompressiblefluid (p, ’25 of reference~, @a% III). The condi-
tion c= co ocourswhen fit(z)is a maximum;that is: when Qi(z) = 0.582,

20 = 3.22,. and.~r~o) = 1.W (fig,9). The correspondingvalue

Ofc=co can be calculatedfrom the relatims (2.19)to (2.22).
Negletiingtermsin X.2 (k is usuallyvary small)and takin~ u = 1.x
gives

~i(z)= EI - a(d-j v(c)

where

and

“.(C)=23L.22L
c

It ‘isonly~cessary to plot the quantity (1 - 2XJv

(5..1)

-.

.

,. #

against–-a
for a given~aminarbounda~-layer~lowand find thevalue of c ~ ‘c. .

for which (1 - 2X); = O.~. The correspondingvqlueof cR is “
determinedfromthe relation

4Q
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.

m=mx’” P.’)’($

and this value of aR is very closeto the tiimum.valqp of ~.
A rough estimateof the value of a for -c . co is gi~n by the

followingrelatlon(equation(2.27)):

(5*5)

This estimatedvalue of a is, in ~neral, too mall. The
followingesthmte of Rcrfi is obtainedby ma~kingen a~roximate

allowancefor this Usc”repencyand by takingroundnumbers:

or

For

the
.

.

.’~ml’-’’(:),
R6

Cr”n = ~—m “
,,

zeropressuregradient,the slopeof the

()

SWsurface 1s givenvery closelyby
q,

(5.7)

velocityprofile&t

(a~pendixB)

d.
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.,
J.

= 0.332- .-”’

Therefore

(5.8)

The expression(5.8)is usefulas a rou@ criterion’farthe dependence
of Re on the localdistributionof mean velocityand mean

crfin
temperatureacrossthe btmndarylayer. It is =iate~ e~~nt

.

~a when Co+l -~. When [(1 - 2A)V] ~o.5~, -that Re
crtin s o c=l.l—

M. ‘

the laminarloundarylayeris stableat all valuesof theReynolds
number. (Thisconditionis an improvementon the stabilitycondi-

tion v ~~C5&) (~ppro~.)~tated~setiion4.)
Ii-— ,
M. ,,

In the followingtablesand.in fi
F

es 5 and 6(a)the estinzted
valuesof Rg @venby equatlm 5.8)canbe cmqkredwith the

%nin
takenfrom the calculatedcmves of ~ aeinst ROvaluesof,~crtin

for tha neutraldisturbances.For the insulatedfmrface,‘thevaluea
are .,

.

.
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M.

o
.50
.70
.90

1.10
1.30
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o●4186

:%
.4850
.5139
.,5450

1.0000
1.0408
1.0782:
1.U54
1.1803
I.2k06

I 195
170-

~ Z50 ‘
lz!g
109
92

the“noninsulatedsurfacewhen M. = 0.70, the values me

., ‘1
I

c
o I ()

T co

1 I.

0.70 O.*2 0.7712
●LW ,2619 .87~6
●W ● 3394 ‘.9562

‘ 1.25 ,5194 1.1449

5377 51.50
1463 1440
5:?- 523

63

The expression(5.8)fo~ R6’ givesthe,correctorderof
or’

,magnitudeand the”yropervariationof the stabilitylimitwithMach “
number and with surfacetemperatureat a givenMach n-umber.

The form of the criterionfor the minimumcriticalRepold.s” &
nmber (equation(5.8))and the resultsof the detailedstabi~ty
calculationsfor severalre~esentativecases(figs. 3 and4) show
that the distributionof’the productof the densityand the

aw
Vorticity p— acrossthe bomdary layerlargelydeterminesthe

.* ,,
limitsof stabilltyof Lminar bo@La~-layer flow. The fact that
the “properMRemolds numberthat appearsin the boundary-layer
stabilitycalculationsis based on the kinemxticviscosityat the
innercritical-layer(wherethe viscousforcesare imyortant)
ratherthan In the free”stremnalso entersthe problem,but it
amountsonly to a nmerical and not a qualitativechangewhen the
usualReynoldsnumberbased on f%ee-streamkinematicviscosityis
fina~ c~putea. Whetherthe valueof ~

=Mrl
for a giiven
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laminarboundary-layerflow is largeror em.aller
--ofQ for the Blasius flowj for example,

crti

dw
entirelyby the distribution of p—.— across the

)

w
d (&w ~

Zf the quantity —— p-
Q\&

s negativeand large

thanthe value
iEIdetezzulned

bovndarylayer,

near the solid

tmrface so that tie‘qtiAtity(1 - 2A.)v(c) reachesthe value0.580
when the valueof c = co is less than0.4186,the flow is rela-

()

dw
tivelymore stablethanthe Blasiusflow. Xf tho quantity ~ p—

W*
is posftivenear the solidsurface,so that (1 - 2X)V(C). 0.58J
‘when w(or c) >0,418f, the flow is relativd,yless stablethan
the Blasiusflow. Thus, the questionof the rel.otiveinfluence
on Re

%lin
of the kinematicviscosityat the inner‘criticallayer

dw
and the distributionof p-

@
acrossthe boundarylayer,which

remainedoyenin the concl~tng
Settled,

The physicalbasisfor the

ai.~~m~ of reference8, is now

predominantitiluenceon R~cr~
d.w

~ofthe Ustributionof p—
Q

acrossthe boundarylayerIs to be

foundin a studyof the energybalancefor a subsonicboundary-layer

disturbance(section’4). The ~s~fb~tion of pd~ determinesthe
~.

llmximumpossiblevalueof the phasevelocity co or the maximum

possibled.istancoof the innercriticallayerfrom the solidsurface
i’a,aneutralsubsonicdisturbance. The greato~the distanceof.
the innercriticallayerfrcanthe solidsurfacbjthe greater
(relatively)the rate of cmmr~ absorbedby the mean flow from tho
disturbanceintho vicitityof tho criticallayer(oquations(4,~l)
and (4.=,)). When co is large,thorofore,tlm enor~ balance
for a neutralsubsonfcdisturbanceis achievedonlywhen the
destabilizingactionof vi.scosi.tynear -&o solidsm~ace is rela-

tivelylargbor, in otherwords,when ~c 3~Q

+
is large

3“0-A

!
w

‘o— UC

and:theReynoldsnumber Ro, whichis veryn~arly

Is’correspondtiglymall. On the otherhand,,when
tithe innercriticalI.aymris C1OEWto the eolid

44,

oqua to Rmmj

co is S?nall
surface,tho rato
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at whichener~ is abs”abedfrom the disturbance‘hearthe c~+.tical
layeris relativelysmalland %~erate at whichenergypassesto
the disturbancenear the SOLUZsurface,’whichis of the order

1
of —, is alsorelativelysmallfor

r

R ““””” “’
a—
*C ‘.

.“

6. PP&AL &NIFICANCE & REWIJJ?S

a, Gm.eral

~.

ener~ balance;cons6-
. .

.’

J@m the resultsobtainedin the presentpaperand in refer-
ence 6, it is cleartlzaktie stabtlityof the hminar boundary
layerin,a ,compressiblefltidis governodby the actionof both,
viscousand inel’tiaforces. Just as in the case of an inocm.pressible
fluid,the stabilityproblemcannothe understoodunlessthe viscostty
of the fluidis takeninto account. Thus, ~hetheror not a kminar
bounti~y-lfiyerflow is unstmblein the InViscid.compressible
fluid. (R~~), that is, whetheror not the product- of the density .

dv
and the voi%icity p— has an extkemm for somevake “of w > 1-L;”

:. w M.
there is ,alwayssomevalue of theRe~lds nwnber below ,.Rc?cti
whichthe‘effectof viscousdissipationprodominntesand the flow “
is stable. On thd otherhand,et very largeReynoldsnumbersthe
influence.of viscosityis destabilizing.If the z%oe-sijyeam
velocityis Subsonic,any”lminer boundary-layerfldw is umtahlo .
at stificientlyhi~ (butfinite)Reynoldsnuuibers,%%ether’or not
the flow’Is stableh“ theZnviscidfluidwhen onlythe inertia”
forcessre considered,

The a“ctlonof the iziertia.forcm is more decisivefor ,$he
stabilityo~ the l~nar boundarylayerif tie fkw-stqtiam~eloctty
is supersonic.B6causeof th~ p~vsicalrequirement-thatthe rela-
tlve plmsevelocity’(c - 1) of tho boundary-layerM.sturbmcos

., :.
must be subsonic,it tollo~wthat 1

c>l. — > 0 :d k9 quan-
,,.,. MO “ .“. .

‘ity[H+:)]*C... -, ‘can bo lar@ cmoughne@tiv&y under certain
,...

conditionsso that tho s~abilizingaction”ofthG Znertiaforces

l\5
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“ nea~.the “her withal layer (*er@ w = c> O) is not overcome
by the destabilizeing actionof viscositynear the solidswrface.
In that case,undampeiidisturbancescannotexistin the fluid.,.and
the flow is stableat all valuesof theReynoldsnumber.

Regardlessof the free-streamvelocity,the dbtributionof

the productof the densityand the vorticity pd~ acrossthe

boundarylayerdeterminesthe actuallimitof stability,or the
minimumcriticalRe~olas number,for lamtnarboundary-layerflow
in a viscousconductivegas (equation(9,8)). Sincethe distri-

butionof p: across‘he boudary layerin t~ is determinedby

the free-streaml!achnuniberand the thermalconditionsat the solid
eurface~the effectof thesephysicalparameterson the stability
of bminar boundary-leyerflow is reactllyevaluated.

. .

b. Xffectof Free.Strem Mach Numberand ThermalConditionsat

SolidSurfaceon Stabilityoi’Lamb.arBoundaryLayer

The Mstributionof mean velocityand mean teqperatme (and

)

awthereforeof p-
QY

acrossthe latinarbounda~~layerin a viscous

cond.uct~vegas is stronglyinfluencedby the fact that the tiecosilty -
of a gas increaseswiththe temperature.(For most gtmes, WC+
(m= 0.76 for air) overa fairlywide toqperaturerange.)When
heat is transferredto the fluidtiough tho solidsurface,the
tcmrpa.rature-mdviscositynear the surfaceI.?oth,decreasealongthe
outwardnormal,and tho fluidnear the -ace is more refj~ed by ““

the viscousshearthan the fluidfartherout frcmthe surface- as
comparedwith the isotho~l BlasiuefZOW. The velocityprofile
thereforealwaysposseesesa yointof inflection(whore @ . O)
whenheat is addedto the fluiathrough the solidsurface,provided
thereis no pressuregradientin the directionof the matn flow.

()
since ~ pa~ .~-~

‘()

dw
@ ~ T T2 ‘ ‘he ‘-tity

vanishes
% ‘G

(iW
. f

and p—
Q

hasan extremumat mme pointin the fluid. On the other

hand,

face,

fluid

if heat 3H withdrawnfrom the fluidthroughthe solidsur-
a
— and‘h

b
— aro both positivene~ the surface ‘andthe
ay

near the surfaceis lessretaiibdthan the fluidfarther .
,,

46
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out - as comparedwith the Blasiusflow. The velooit”yprofileis
thereforemcwe corrvexnear the surfaoethanthe B1.mxiusprofile.

-As pointed
of the varieble

de~ity and the

tionsof motion
gradientin the
vanishesat the

and.,

out in section32.of referehce8> the infl.uenc~
viscosityon the behaviorof the productof the

aw
vorticit~ p- can be seendirectlytiom the equa-

@
for the mean flow. When therOis no ~essure
directionof the mati flow,the flutdacceleration
soltd.surface:or

J.

._#J?zJ1=AzJ?.? ,6.2,

.
.“ .

Thus, whenheat is addeilto the fl~d throu@ the

(Tl+o)>(s) ,“ ‘is positivq and ~he velocity

“ near the surface

of V>o; when

is negative,am%
than &e

The

parallel

form,

L

r

solidsurface

profileis concave

end possessesa point of ir&leo-tio33for somevalue

.(y> “))(s)heat,Is wtthdrawnf%om the fluid

-1
the velocityprofileis more convexneqr the s“mfaci’
profile. .. ..

behaviorof the quantity j&[; Q2EJ=&:)is

#&
to that 0$ —. From equaiiion(6.2),ih

33+$2
nondlmeneional
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Differentiatingthe dynsmiaequations

111+1

- — %’wlt%2
(6.3)

onceand makinguse of the

[ 01

~2 ~,
energyequationgivesthe followtngexpressionfor — ——

dy2Tl

[ 01

~2 ~r,
()
W1t3. .

.— - = a(m+l)(~ - l)l& — -1-2(m -!- 1)2 W1’
dy2Tl T12

,,

Now,

.,

but

[ 01

~2 ~,
Thus, for zeropressuregradient, ——— e

~Tl

if the surfacef6 insula~ed’,the quantity

()TL~ 2
- (6.4)
T13

positive,

vanishes,

with

,, ~stance fromthe solidsurfsce. Since ~ +0 far from the solid
J.

surface,
()

“$ hasamaximumand~% vanishesfor somevalue
dyT, c

of w >0. If heat is addedto the fluidthroughthe solidmr-

positivea.tthe surface,and

()~ w’ vantshosat a.point
,@ T

in the fluidwhichis fartherfrom the surtacetha~ for an insulated
boundaryat the sameMach number(figs.,3(a)and (b)). Ccnae.
quently:tlievalue of c . co for”tiichthe function

’48
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(1-2X)V(C) = -7C(1-2%) *&*(’)]=c m,dlesthe

,
value0.580 is largerthan the valuefor the insulatedsurface.
By equatiori(5.8),the effectof addingheat-tothe fluidthrough
the solidsurfaceis to reduce ReCrfin

and to destabilizethe

flow,.ascomparedwith the flow over an insulatedsurfaceat the
sameMach number (fig.6).

L= heat is’withdrawnfrom the fluidthrou@ the solidsurface,

[01.~w’
‘+ “W a-y T- , ‘Bne=tive”In fact, if the rate of heat

L..,

transferis sufficientlylarge,the @antity

vanishwithinthe boundaryUyer (fig.~(b)).
for whichthe functton (1 -’2X)V(C),reaohes

The value of c = co
the value0.580 is

smallerthan for an insulated.swface at tho sameMach number,and
by equation(5.8),the effectof withdrawingheat from the fluid
throughthe solid surface”isto increase % ~w anatO stabilize

the flow,as c-cd with the flow,overen i~ulerkd.smface at ‘
the samehkchnumber’(fig.6). When the velocityof the free stream
at the ltedgewof the boundary layeris supersonic,the”laminar
boundarylayer-iscompletelystabilizedIf the rate at whichheat
is withdrawn,throughthe solidsurfacereachesor exceedsa critical
valuethat Wpendsonly on the tich number,the Re:moldsnuniber,
and the yroyertiesof the gas. The critioalrate of heat transfer,

()Is thatfor wh3chthe quantity ~ ~ is sufficientlylarge .
dYT

negativelynear the surface(see eqktion (6.3)) so that

(1 -a)v(c) = 0.580 Whll c = co = 1 .+ (sections)+and ~)~.

Althoughdetailedstabilitycalculationsf~r supersonicflow over
a noninsulatedsurfacehave not been oarriedout,the function
(1 - 2X)V(C) has been computedfornoninsulated surfacesat

% = 1.32,1.%, 2.00,3,00,and 5.00 by a rapidapproximatemethod

(appendixC). The correspondingestimated.values of Re
cr~ were

calculatedfrom equation(5.8);and in figure7 these .waluesare ,.
plottodagainst TI, the ratio of surfaceteqmature (degabk.)

to free-streamtemperatme (degabs.). At any givenMach number
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greaterthan unity

as GO-+l - +;
c)

the value

when co

the stabilityo~ the laminar
to thermalconditionsat the
thereis a criticalvalue of

which ~ +CO. If T1
~@~

of %mtin lnoreases rapidly
.

Mffers only sligjhklyfrcm 1 - *,

boundarylayeris extremelysensi%ve
solidsurface. At eachvalueof M. >

the tempcmatureratio T%
for

$ Tl~, the Wninar boundarylayeris

1,

stableat allReynoldsnumbers. The differencebetweenthe
stagnation-tompera+mreratioand tho critical-surface-temperature
ratio,whichi: relatedto the heat-transfa*cooffici.ont,is plotted
againstMachnumbebin figure8. Underfree-fli~t conditions,for
Mach numilmrsgreaterthan scanscriticalMach numberthat depends .
largelycm the el.tltuae,the valueof T~ - !J!lcris withinthe

orderof magnitudeqf the differoncobetweenstagnationtemperature
and surfacetemperaturethat actuallymcistsbocau.mof heat radia-
tion from the surfaco(references1~+antl~). ~otherworde, the
criticalrate of heat idt.htiawalfrom the fluidfor larninar8ta-
bilityis within”thoorderof magnit’udoof tho calculatedrate’of
heat conductionthrmgh the solidsurfacewhichb~ances the heat

.

radid%d from the surfacemer eq~libfi~~ conditions.~0 ~lc~a-
tionsin eypendixE showthat this criticalMach nvmiberis a~prox!.-. .
mately3 It ~,000 feet eltitudeand approximate~v2 at
100,000feet altitude.,Thus,for MO>3, (Rpprox,) ati’j0,000feet
altitudeand M. > 2 (approx.) at 100,000feet altitude,the
lalninarboundary-layerflowfor thermalequilibria is”co~lete~ .
stable.inthe absenceof an adversepressurogradientin the f’reo”‘
stream.J , ..

Whenthere 3s actuallyno heat conductionthroughthe solid
surface$the l@it of stabilityof the Iaminm boundarylayer
dependsonly on)’thefree-streamMach znwiber,that is} on the extent

of the ‘taei~c he~t&@r
( ())

a~x 2
of the orderof ~ —

ap
near

the solidawface. A good indicationof the influenceof tho free.
dwstreamMach numberon the distributionof p- acrossthe boundary
&v

“

layerfor an irym.latcilkmrfaceis obtainedfrcm e rough estimto

of the locationof tho,poi.ntat which ~
()

dw

w ‘G
roachesa positive

()

~2. ~w
maximum .(or— vmshes). Differentiatingthe dymmic

d+ ‘G
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equations of mean motiontwiceand mdcinguse of the energyand
continuityequetionsyieldsthe follotingresultfor an insulated
surface:

[ 01

a3 W*
—.
G

=-
T

1

(’ipwhere,b= ~-. From equations
C:* *

()
a2 W*

of c at which —. — vanishes,
dy2 T

is givenrouti for air bY “

in which WIt =
b(O.3320)

‘1

(6.5)

.
. .

(6.4)ana(6.5)the value “

~_2 ,.u
(6.6)

(1 -+0.2025M02)1”24

B).’ W otherwds, the yoint

from the surfaceas’the Mach‘numberis increased‘-at least in the
range O ~ M. ~ &.5 (approx.); thereforethe value of o for

()%tiich-d— X vanishesand the value of c = co
dy,Tj

for which

(1 - 2X)V(C) reachesthe valueO.*. both increasetith the Mach
number(fig.3(a)). BY equation(5.8),the value of’Re forcz’~n
the laminarboundary-layerflow over an ineulatedsurfacedbcreases
as the Mach numberincreasesand the flow is destabilizedas cm- .
paredwith tha Blasiusflow (fig.5).
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..c; Resultsof DetailedS@btUty Calcuhtionsfor
,.

Insulatedand NoninsulatedSurfaces

From the zwmlts of the detailedstabilitycalculationsfor
mveral representativecases.(fi@.4 to ~)? a q~~~t~ve
estimatecsn be mde of the effectof ~o-stream Mach number
and thermalconditionsat tine
hminar boundary-layerflow.
of Re i13-92ken M. =

‘rein
of’150 for the Blasiusflow.
at M. = 0.70, the vtilueof

solidsmface on the stabilityof
For the insulatedsurface,the value
1.30 as compare~with a value

1
For the noninsulatidsurface
% is 63 when T1 = 1.25 (heat
CX’*

addedto fluid), ~crtin = 126 when T1 = 1.10 (ins-ted SWC-

face),and Recr~n
= 5150 when T1 = O.~Cl (heatwithdrawnfrom

fluid).

.V

~
Since R@ z 2.2m92, (thevalueof 6 — which

—* N’U. .
is proportional to the skin-frictioncoeffici~t,”differ~only
‘sli@tlyfrom the Blaei.usvalueoi’0,6667)the effectof the thermal
condi%i.onsat the solidsurfacecm Rfi is ~venmore pronounced..
The value of R* i~ 60 x

(

s comparedwith a valueof’
Tl =

)
1 andMo=O. For

of RXX declinesticm
‘rein

106 libenT]-= 0.70 and q.o.70,
51.x 103”for the IkXJiusrl~
the insulatedsurfacethe value

the Blasiusvaluefw_~ = O to a

valueof 19 X 103 at M. = 1.30. The q~remm sensitivityof the .
ltii~of stabilityof the lamlnarbounki layerto thermalc~di-.
tionsat the solidsurfacewhen T1 <1 is accoumtmdfor by tho

rdct that,,,co is small~fhonTl <1 and Mo< l–(or M. is not
.

Smallchan~esin co) therefore,producelargechangesin ~ cr~n”
In addition,I&en ‘J!l< 1~ smallchangesin the‘thermalconditions

at tho solidsurfaceproduceappreciablechangesiq ~
()dy & ‘eqm-

tion (6.3))and,,,therofore,in tho valueof co.

Not onlyis tho valueof’@ crtin af%ctmd by the thermal

conditionsat tho solidsurfaceand by the free-streamMach number
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but the entirecum? of w against %3 f~ the neu~al ~s- .

turbances’i’salso affected. (Seefigs.4(k)and 4(Z).) When the
surfaceis insulated-(end ~ ~ 0), or heat iS ~ddeato tie f’l~a ‘

(
T1 = 1.s5), ~+~ +0 as Re--+- alon~the upperbranchof

the curveof neutralstability. In other’words,thereis a finite
rangeof unstablewave lengthseven In the limitin~case of an
infiniteRemolds nmber (invlscidfluid.).Howover, a--+o -
m ~+ m ,forthe Blasiusflow,or iihenheat “iE-“titha~m from
the fluid. This behwior is in completea~eement with the results
obtained.insection4 and In reference8.

A ccmpm?is% betweenthe curvesof ~ against ~ for
T1 = 1.,25and T1 = 0.70 at” ~ = 0.70 sho%w’that tithdx-ati~
heat “from the fluidnot qnly stabilizesthe”flow by increasing,%

0

cr~n
but also greatlyreducesthe r~.ge of unbtahlewavenumbers ~ .
On the otherhand,the ad~tion of hpat to th~ flubithroughthe
solidsurfacegreatlyincreasesthe range of unstablewave numbers,

. I? shouldalso bo notedthat for givenvaluesof ~, c,

and ~ the time frequenciesof the bmndary-layerWNmoSbances
in the high-speedflow of a ~s am considerably@eater than the.
frequenciesof the familiarToXlmienwavesobsomcd.in Low-speed
flow. The actualtime frequency n* e~rcmmd nondimensionally
is as follows:

. .

For
the

for

“givenvaluokof c, ~; and ~ the tiequencyincreasesas
squareof the free-strmm velocity.

d. Instabilityof LamfnarBoundaryLayeyand

Transitionto TurbulentFlow

The valueof ~ obt%inodfz;omthe stabilityanalysis
amin

a @Ven la~mr bound$my-leyerflow is tio valuoof theRemolds
mmiberat whichself-exciteddi&mrbancosfirsta~ear in the -
boun-~ layer. As Prandtl(reference12) oare.fullypointed out,
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theseinitialdisturbancesare not turbulence,in emy sense,but
slowlygrowingosci~lations.The valueof the Reynoldsnumberat
whichboundary-1.ayordisturbancespropa~ted alongtie surface till
be eonplifiedto a sufficientextentto causeturbulencemust be “
largerthan ~ ~ti in any oasesfor the insulatedflat-plate

flow at loii’speedsand withno.~essuxe gradlont,the transition
Reynoldsnuuiber~ti is foundto be threeto,seventimesas

large as the valueof ~ ~tin (references6 and 7).,The v$lue

*f %tr dependsnot only on Rg=~ but also on the initial

magnitudeof the disturbanceswith the mat ‘tdangerousnfrequencies
(thosewith ~eatest amplification),on the rate of amplification
of thesedisturbances,and on the physical~occms (asyet unlmown)
by whichthe quasi-stationarylminar flow Is finallydestroyod
by the ~lif iecloscillations.(See,for example,references16
and 17.) The resultsof the stabilityanalysisneverthelesspermit
certaingeneralstatementsto be mde concerningthe offect of
free-streamMach nu.uiberand.thermalconditionsat tho solidsurface
on transiticm.The basisfor thosestatements.is summarlzodas
fOllowa:

(1)Xn many problemsdf technicalinterestin aeronauticsthe
levelof frem-etreamturbulence(ma~itude of initialdisturbances)
is sufficientlylow so thatthe originof transitionis alwaysto
be foundintho inaw%ility of the laminarboundarylayer, In
otherwords,the valueof ~ is an absolutelowerlimitforCr~n
transition. .,
.

(2)The effectof me freo-strbamMach numberand the thermal
conditionsat the solidmrface on the stabilitylimit Re

( ‘rein)
ia overwhdqing. For e%nxq’pie,for M. . 0.70, the valueof ReC*
when Tl = 0,70 (heatwithdrawnfromfluid)is more than&) times
as greatas the valueof Re

c% when T1 = 1,25 (heataddedtO

fluid). ‘

(3) The ~aum rate of amplification of tine self-excited
boundary-1.ayor di8turbanees propa@ed along tho m.wface varies

rou~~v as
1/=”

(Thtsap~oximationagreescloselywtth

the numertc~l’~estitsobtainedby Pretsch(rofbroncoI-8)for tho
caso of an incompressibleflpid,) The,effectof withdrawingheat
from the fluid,f’ormample, is not only to fncroaso Re

c% and

.

.
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stabilizethe flow in thatreamerbut also to decreasethe initial
rate of amplificationof the unstabledisturbances.h other words,

for a given level of free -gtiea?ntvrtmlence,kh,e@ker*:al
between’thefirstappearanceof eelt-exciteddiet.urbances
and the onsetof trtinsiticmis expectedto be much longer for a
relativelystableflowjfor vihlchRe is lar~e,tha~for a

C* ,
relativelytistiableflow,for which Rgcr~+m “issmall“andthe

ifitialrate of empltficattonis large.

On the basis of theseobservations,trensiticmis delayed- ~ti
(

increased)hy withdrawingheat from the fluidthrou@ the solid “
surfaceant is ailvancml3T addingheat to the flu$a throu@ the
Sol%a.Burface,as comparedM“th the insulatedsurfaceat the same ‘
Madh number’.For the insulatedsur’face,tz%naitionoccursea.rller
as the Mach numberis increased,as comparedti.ththe flmt-~late
flow at very low Mach numbers. h~en.the frcm-streelnVelOCitYat,
the edge of the boundaryL~yerf= supersonic,trqnnltionnever
occursif the rake of huat withdrawalfrm the fluidthroughtile
solidsurfacereachesor oxusde .acriticalvaluethat depends
only.on t~e Mo.chnumhov(sectioii6’0and ffLw.~ and 8).,

A cmparison botwoonthe resultsof the presentgsis and
measuromontsof transitionis possfbleonlywhoa the treo-stmeam
pressuzzegraiiientir3zero or.is held fixedwhilethe frcm-stream.
Mach nmbor or the thormd conditionsat the soliasurfaceare
Veriod..Li-nn and:Fi~ (r~f~rence‘19) have ~asurea the mov~-
ment of the transitionpoint on a flat plato at a very low free-
streamvelocitywhen hoet @ appliedto the surface. They found
by moans of the hot-wireanemometerthat R .; “declined

=tr

frou 5 x 105 for the insulatedsurf:.~ceto a.valuo of approxi-

matesly 2 X 105. for T1 = 1.36 wh@n”tho.bvel of f!ree-stream

turbuknco

/

(~)2,
—- was 0.17 percent,”ortoa valueof 3x105

()
u~G 2

~ih~n

r

=2. 0.05Qercent-and.T1. L,@. Tho valtioof R~tr

()
92”” .

,..‘
aeclincsfrom 470 (approx.) to aOO (kpprox.) in th~ firstcaseanii
to 365 in tho SOCOZKI,

,,

-Fri.dxan~McCu3bcgh (reference20) o?xmrvd the mriatim in
the traneit~onRe~olde number~ihonheat ia appliedto the upper
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swbfaceof an NACA 65,2.016airfoilat the nose sectionalone,at
the sec%icmjustahea~of the ~nhmzmpressure station,and for
the entireMmLnar run. When heat i,eappliedonlytothe nose
section,the tiansitiwReynoldsnumber(determinedby total-pre~sure-
tubemeasurements}was practicallyunchanged.Near the nose,
Re << Re and the strongfavorablepressure~adi.entin tie

%n”
regionof the stagnationpoint stabilizesthe laminarboundarylayer
to suchaa extentthat the‘additionof heat to the fluidhas only
a nq~glble effect. When heat is applted,howver,to the section
suetahead.of the minimm fiessurwpo~t, whew ~ ~essure
wadients are moderate,the transitionReynoldsnumber Rea

declinedto a valueof 11~ for TX -1.14, c~~ed. with a value
of 16Q0fcm the insuhted surface~ men heat Is appliedto the
entirelaminarrun, declined.to a value of 2070 for T1 * 1.14. ,R@ti . “.

It woulabe interestingto investigateexper3mantallythe
stabilizingeffectof a.withdrawalof Beat”frcm the fluid.at-super-
sonicvelocities.At a~ rake,on the basisof .&e resultsobtained
in the e~a-imentalinvesti~ttonsof the effoct of heatingon,
transitionat low speeds,the resultsof the stabilityanalysis
givethe properdireitionof this effeot.

7. Stabilityof the LaminnrBoundary-LayerI?lowof“,a(2sswith a

Wessure Gradientin the Directicmof the Eree Stieam

For the casoof an incompressiblefluid,Pretmh (reference9)
has shownthat evenwtth a prossum grailtentin tho directionof
the freo stream,tho localmean-velocitydistrtbutlonacrossthe——
boundaryIayorco~letoly aetermlnestho “s%abili%ycharacteristics
of the ~g~a-~laminarboundary-layerflow at largeR~olds numbers.
Trom physicalc~iderattona this”wtatomentahoziliiapplyalsoto
the compressiblefluid;providedcmlythe stabi~ty”of the flow
in the boundaryIayoris Consiiierodand not“thopossib.lointer-
actionof the boundarylayerand the main “externalwflow, Further
studyis requiredto settlethis question.

If onlythe local,mean velocity-t~oratum distributionacross
the boundarylayeris foundto be significantfor laminarstability
in a ccmprossiblofluid,the crit~ions obtainodin the prosont “
paperand in rd%rence 8 me thti immediatelya~licablo to laminsr
boundary-layer~E flowsin whichthereis a fhe-streampx3E3f3ure
gradient. The quantitativeeffectof a prosmro .grad.kmton laminar
stabilitycouldbo re~y determina by means of the approximate

.

.
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estimateof IQ~r~ (eq~ti~ (5.7)), in terms of the diskibtiion
.-

awof the qimtlty f&—
dy

acrossthe boundarylayerF Such calculations..

(mpubllshed}have eilreadybeen carriedout by lM. C. C. Lin of .
BrownUniversityfor the incoggmesslblefluittby means of the
approximateestimsteof Re givenin reference5, part Ill.

,cr~n

In any event,the qualitativeeftect of a free-streamPressme
aw

gradienton the localdistributionof p— acrossthe lmmlary
Q

layeris evidentlythe sam in a compressiblefIuidas in an incom-
pressiblefluid. If the effectof the 10cA pressuregr~ent alone,
is considered,the velocitydistributionacrossthe box layer
is ‘?fullert~or more convexfor acceleratedthan for uniformflow,
and conversely,less convexfor deceleratedflow. Thus, from the
resultsof the presentpayerthe effectof a nepyrtivepressure
aa~ent on the .lalninarboqndary.layerflow of gas is staiDflizing,
so far as the localmoan velocity-temperaturedlstrilmtha Is con-
corned,whilea,positivepressuregradientis destabilizing..For
the incompressiblefltid,this fact,isweu establishedby the
Raylei@-Tollmiencriterfon(reference3),the work of Eeisenberg
(reference1) and Lin (reference~), and a mass of.detailedcal-
culationsof stabilityUmits from the curvesof a against R
for the neutraldisturbances.These calculationswere recently
carriedout by severalGe-mmninvestigatorsfor a.comprehensive
seriesof pressuregradientprofiles. (Se*,forexamplO,refer.
onces9 and 21.)

Some idea of the rolativoInfluenceon lezalnmstabilityof
the thermalconditionsat tha solidsurfaceand the frm-stream
pressmo gradientis obtainedfromthe equationsof mean”motion.
At the surface,

or

.,

[01

.,
d m+l 1
— P:w -—

82 d~*

*dYl=
-—— —

‘1’%’ ml —
%2 ‘1

UO*-~
(’7.2)
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sml.1.or moderatepresmme gradients
fl~ .=15,, :

) dw
eay the distributionof p- is sensitiveto the thermalconditions

w
at the solidsurface. For example,the ohordwlsep6sitionof the
pointof instabilityof the laminarbouMary layeron an airfoil
with a flatpressuredistributionis expectedto be stronglyinflu-
encedby heat conductionthrough the surface. ~See reference20.)
For the insulatedsurface,the equationsof mean motionyieldthe
followingrelation(appendixD), which&oesnot involvethe pressure
gradientexplicitly:

[ (]‘~2
()
w~1 3d%’

—.

dY2:dYl

. ff(m+ 1)’(y - 1)M02— >0 (7*3)
~12

The effectof ‘taerodynanicheating”at the surfaceopposesthe
effectof a favorablepre%uie giadientso far as the diswibution

of p—‘w acrossthe boundarylayeris concerned(equat%ms (7.2)
dy

and (7.3))...The relativequantitative influenceof thesetwo effects
on ltinar stabilitycan onlybe settledby actual~lculatlcxmof
the laminarboundary-layerflow in a compressiblefluidwith a fYee-
streampressuregradient. A methodfor the calculationof such
flowsover an insulatedsurfaceis @ven in reference22.

When the localfree-streamvelocityat the edge of the boundary
layeris supersonic,a negativeyressure~adient can have a decisive
effecton laminarstability.The locallaminarboundary-layerflow
overan insulatedsurface,for example,is eqected to be cmpletely
stablevfhenthe magnitudeof’tho localnegativopressuregradient
reachesor exceedsa oriticalvaluethat depcmd~onlyon the local
Mach numberand the pro~wties of the gas. The criticalmagnit~tie.

odwof the pressure~adient is that whichmakestho quantity ~ p—
Wti

sufficientlylar~ negativelynear the surfaceso that \ /

‘4!%%-)]=”.*-[1-2X(.)]
T*c

.

.

.

1
When c . 1 .—...

M.

,



It has alreadybeen shownin the presentpaperthat when MO >3

(qx.?mx.) the leminarboundary-layerflow with a unifom tiee-stieti I
velocityis completelystableuuderfree-flightconditionswhen the
solidsmface is in’thezmalequilibrium,that is~ when the heat
conductedfrom the fluid@the sur~acebalancesthe heatradiated. “
from the surface(sgction6b). The IenQnerhoundery-layerflow
for themaalequililm~.ashouldbe ccsapletelystablefor Mo>Ms,
say,where Ms< 3 If there,iaa negativepressure~atient in
the direct~onof the free stream. Favorablepressure~adients
existover the forwardpart of sharp-nosedairfoilsand bodiesof
revolutionmovingat supersonicvelocities,and the l~ts of 6w-

(
b3.lity Re

)
of the laminarboundarylayer”shbuldbe cal-

crfi
cuLatedin such cases.

I&ma studyd the Dtabilityof the Mninar boundarylayer
in a co~ressiblefluid>the followingconclusionswerereached: .

1. In the compressiblefluidas in the incompressiblefl~d,
the influenceof viscosityon’thelaminarboundary-layerflow of
a gas is destabilizingat very largeReynoldsnumlmrs. If the
free-streamvelocityis subsonic,any hminar boundary-layerflow
of ~.s is unstableat sufficientlyhighReynoldsnumbers.

2, Regardlessof the free.streamMach n-umber,if the roductof

the mean densityand the“man vortici.tyhaa an extramum
(()

dw
~ P—
ZYw

\ .
vanishes

)
fcm somevalueof w> 1 -~ (whero w is the ratioof

moan velocityccmponentparallelto the”swface to the f2ee-stream
velocity,and where ~ is the free-streamMach number)the flow
is unstableat sufficientlyhighReynoldsnmbers.

3.The actuallimit of stabilityof lamina~boundary-layerflow,
or the minimumcriticalReynoldsnudber ~ is determined

crfin’
largelyby the distributicmof the productof the mean densityand
the man vorticityacross,the boundary
cmt~te of P~ ~s obtainedthat

cr~n
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the influenceof I%ee-stretiMach mmiberand thezmalconditionsat
the solidsurfaceon laminarstebikl%y.Yor zeropressuregradient,
this estimatereadsas follows:

[T(cII1.76Re
crti

“kc:ti

where T is the rattoof te@eratu-e at a pointwithinthe boundary
layerto free-streamtemperature,T~ is the ratioOF temperature
at the solidsurfaceto the free-streslnvelocity,and 00 is the
valueof c (theratio of phy v~:ijyOo~Wtisturbanceto the free.
streamvelocity)for which .- . . The fmcti.ons v(c)
and h(c) are definedas follows:

.

,

.

#

c .,

where

n nondimensionaldistancefrom surface ,

4. On the baf3isof the stabilitycriterionin conclusion3 and
a studyof the equationsof mean motion,the effectof addingheat
to the fluidthroughthe soltdsurfaceis to reduce ~ and to

Crmin
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destabilizethe flow,-as comparedw22ththe flow over an inshted’
surfaceat the-saneMach nuniber.Withdrawingheat throu@ the
solidsurfacehasre~ctly the o~positeeffect. The value of ~ cr~

for the laminarboundaxxy.layer flOW overan @sLlla’tedsurfacedecreases
as the Mach nmnberficreases,and the flow is destabilized,as com-
pared with the Blasius fl”owat low speeds.

5. ~en the free-~treamvelocit~is supersonic,the Wminar
boundarylayeris completelystabilizedif the rate at tilichheat
is witlndrawnflxm the fluidthroughthe solidsurfacereachesor
exceedsa certaincriticalvalue. The.criticalrate of heat traysf~r,

for which RQ
()

&v
+OJ , is thatwhichmakes the quantity ~ p—crtin tidy

sufficientlylargenegativelynear the surfaceso that

L‘1 - 2A(C)3 -r(c). Oj~ when ..c= co.. 1 -~. Calculationsfor
~ M.

severalsupersonicMch n~bers’betwsen1.30and~.00show that
for M. > 3 (apprcx-) the criticalrate of heat W.ithdrawalfcw,.
laminarstabilityis with~nthe ortierof ma~tude of the calculated
rate of heat conductionthroughthe solidsurfacethat balancesthe ..
heat radiated,fron the surfaceunderflree-fli@.tconditions.
Thus, for 140>3 (apprex, ) th6 l~nar boundary--layerflow
for thermaloquilfbrlutnis completelystableat all Reynoldenumbers
in the absenceof a positive(adverse)pressure.gradiontin the
directionof tho free dream.

6.Detiild CaCfiLItZIOIM of’ the c-es of.~mve n~ber (inverse

wave length)againstReynoldszwmherfor tho neutralboundary-layer
di.sturhancesfOr 10 represontfftivecasesof insulatedand non.
insulatedsurfacesshowthat also at subscmicapoedsthe quantitative
e~ffecton stabilityof thG thermalconditionsat the solidsurface
is vary large. For e-lo, at a Mach numberof 0.70,the vqlue
of R6 iS 63 when T2 = 1.25 (hec.t” added to fluid),

crtin %)c~& = 126

when T1 = 1.10 (insulatedsurface),and ~Ww~. =5150 .“tienT1=0.70

(hoattithtiawqfrmfltid). Since RX* s2.2~~~, the effect

on Rfi is even greater.
Crmn

7.The resultsof the analysisof the.stabilityof laminar
bo~”ry-layer flowby the Ilnoarizodmethodof smallperturbation&
must be appliedwith careto predictionsof transition,whichis a
IIOIlkhloW phenomenonof a ~fferent ordOr, Withdrawingheat fromthe

.
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the solid.surface,however,not ~

the initialrate of amplificaticmof

tioreases ReGr~n

the self-excited

which is roughlyprcpcmtim.al to
‘/F=; awiOn

of heat to the fluidthroughthe solidsurfacehas’theopposite
effect. Thus, it canbe concluded-that (a) transiti.m is delayed

(
Reti increased by withdrawingheat from the fluidand advancetlby

)
addingheat to the fluidthroygh+thesolidsurface,as conparedwith
the insulatedsurfaceat the sameMach nuiiber,(b)for the insulated
surface,transitionoccursearlieras tlm Mach nmber is inoreased,
(c)when the free streamvelocityIs supersonic,transitionnever
occursif the rate of heat wSthdrewalfrom the fluidthroughtho
solidsurfacereachesor exceeiisithe oritioelvaluefor which
% .~~, (Seeconclusion~.)
crti

Unltkelaminarinstability,transitionto turbulentflowfn
the boundarylayer5s not a purelylocalphencmenohbut dependson
the ~reviouahistoryof the flow. The quantitativeeffectof the=
conditionsat the solidsurface.ontmnsi.tionaependson the existi~
presmre gmxiientin the directionof the free streem,on the part
of the solidsurfaceto T&ioh heat is applied,and so forth,=
well as on the initj.almagnitudoof the iiisturbances(levelof free-
streamturbulence).

A conprism betweenconclusion7(a),baseacm the nxml.tsof
the stabilityanalysis?ana experimentaltivestigationsof the
effectof surface,hbatingon traneiticmat low speedsshow that
the resultsof the presentpaper givethe properdirectionof this
effect.

‘8.Tho resultsof tho presentstudyof hm5nar stabilityoan
be efiendedto LncLudelaminarbouuda~y-layerflowsof a gas in
whichWere is a pressure@adient in’the direct~onof thefreo “’
stream. Althoughfurtherstudyis reqnirod,it fs ~esmma that
onlythe 10calmean velocity-temqe~atu’.%distriblxkl.ondetermines
the d.abi.lityof thb localboundati-lsyerflow. 2P that should
bo the case,the effectof a pressuregradie@ on Mninar,stabtlity
COUla be easilyca~oulatedthrou@ its effwt on tie localNstri-.
butionof the productof mean densityand moan vor%ieityacross‘
the boundmy layer.

When the free-streamvelocityat the ‘edmtiof tho boundary
layer‘issupersonic,by ana.lo~~th the
withdrawalof heat tim the fluid,Zt is
boundary-layerflow is completelystable

62

stab~lizingeffectof a,
acpectmlthat the Ieminar
at all%eynoldsnumbers

.
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when the negative(favorable)pressure~aiMent reachesor exceeds
a certaincriticalvaluethat dependsonly cm the Mach numberand
the pro~rties of the ~s. The leminerboundary-layerflow overa
surfacein thermalequilibriumshouldbe completelystablefor
Mo>M~, say,where ~ < 3 if,thereis a negativepressure

gradientin the directionof the free stream

“ Lan@ey MemcmialAeronauticalLaboratory
NationalP.dvisoryConmitteefor Aeronautics

LangleyFieltL,l%., September5, 1946

.

●
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APEENDIXA

.

.

CJYGWLATION03? ~ AWWRING m TKE 3Nv3XK!lDSOIUI?IoNs

b orderto calculatethe l$tdtsof stabilityof the laminar
boundarylayerfrcaurelations(2.21)to (2.29)betweenthe values
of phasevelocity,wavenmber, andReynoldsnumber,it is first
necessaryto calctiatetho values of the interxls ~j Hlj ~~

~p> ~3} ~3) and SO fO@il,whichappOarin the eX~eSSiCns for

the irrviscidsoluticms %_(Y) and 92(Y) and~~~ ~fivatives

at the edge of.the boundaxylayer. These inte~als aro as follows
(equations(2.13),(2.9),and (2.10)):

rY2HI(c) =
(w- C)2*

T
JY-1
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IY./1

fmd so for-m.

Terns of
for ql and

(W. C)2

higheror~erthan cc3 in tiieseriese~essions
92 aro neglected. Wnt3n a < 1, the errorinvolves

an
is snmllbecausethe termsjm the seriesdeclinelike ~. Even

a.
for a >1, however,this approxDnationis Justifiedlat leastfor
the valuesof c that appearh the stabilitycsd.culationsfor
the 10 representativecasesselectedin tho present-paper.For
example,the leadi~ tezm in R.P. Nm+l(c), Were k = 2J 3Y . ● . Y

.

H

~3 ‘-1
oIs approximately ~ ——————— multiplied by tho loading tsrm

k! 3(1 ~ C)

. in R.P. N3(c). The quantityin the bracketsis at most 0.12 im

the presentcalculations;for examplej R.P. iT5(~)= 0.06R.P. N3(c).

.

Moreover, R.?.

relations etist

addition> R.P.

at most.

Similarap~”oximate

l.%(c);and, in

~3
%@ s (1- c) ~R.P. I?3(c) z

The only integralfor whtohthe irM@nary
is Kl(c). At the end of this appen~lx,it is
tributionsof the tiginary parts of E~, q>
negligiblein comparisonwith the contrilnztion

O.Ol~R,P. N3(C),
.

PEZC%iS calculated .
ihownthatthe con.

and N3 ara

of I. P- Kl(c).

General Plan of Calcuhqtion

The methodof calculationadopttidmust tske intcacco~mtthe

fact that the valueof d

.()

d.,?

~ %7
at the poj.nty = yc, whc3rew = c,
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strongly influences the sta’btlity of the Iaminar lloundazy layer.
Accordin@y, the integrals are broken into twu parts; for exanq?le,

= Ku(c) + K~(c) - MO*

where yJ > yc. The irrhefgal

,

[01.

dw
Kll(c], whiohinvolves ~ P—

.Q Q %Gc’

is calculated very accurate.1.y,

more approximate~thOa as follows:
whereas lK1~(c)is ca%cd.atmd by a

(1)

This inte~al 3.sevalua%titas a POW=..seriesm c. ‘The
velocityprofile %~y) is approximatedby a parabolicerc plus a
strai@t-liM se~nt for purposesof integrat~on.In the more
ccmplexintegrals ~, M3, ~ N35 the indefiniteirrta-

~

>7

~

IY2
T T“”

@’ells — dy and dy are,evaluatedby 21

YJ (w - C)2 ~ (w - “C)2

or 41 point’nm.ericalintegrationby means of Sfipson1srule. The
valuesof w(y) are read from the velocityPzzKilesof figures1
and 2. The vale of y~ . yl = a is 0.40 tn the yresentsericmof

calculations;thisvalueis chosenso that the point y . yJ 5EI

-nevertoo closeto the singularityat y . yc. Take

.-

—

●

.

(2)
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that appearsin ~, M3~ ~ N3~ is evaluated.by e~nding the

integr~ in a Taylor’sseriesin y - Yc and men i~te~~t~g the

seriestermby term. The path of’integrationm’wt be takenbelow
the point y = yc ti the com.l~xY-pl.e.ne.

Insteadof calculating‘Ae valuesof the velocityand tempera-
(n) and Tc(n) directly,it is simplerto relateture derivativesWc

~eae derivativesto theirvaluesat the surfaceby Teylorts’series
of the form

@
,, (n+2)

~wl(~).+w:~+’~p .T;)+L(y -y,)’+. . .c 2! c

The derivatlvosat the surface ~m(~) ~d ~~n) ere calctited

‘Em inte~al Kll(c), fiu,e-le, is finally

power seriesin yc . yl = a and in YJ - yc = a -

involvinglogs. The phse veloclty c is related

where

obtainedas a

u, plus terms

to a Vy

Terms up to the cmdeiof a5 are retainedb orderto includeall

termsinvolving WI%
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Zn orderto il.lu.stratethe method,tho evaluationof ~(c)

is given in scme detail,as follows:

(1) Ihaluationof K~(c):

(a)Define .

Now

T

(7J. C)2 =

where

~=(a=yc+(ac’w’(;);%= ● ● ● ~if
68
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where

!-fc=.1.

.

l?c’~

$= ‘ = —“

2W ‘
c

. .

~ (k)
~c(k+l)

c
= (k + l)wc’

Then

and

P

{[ -

K&)=-l-- :C -
()~ct 2 Y--Tc

L

++(;)’’’~y,-Ycy+-l -ye),]+ ● .:.
c

+*(;’jk+l) [(Y, -J$yY’l -Y=)’]+● ~.}

69



NAC.fTN NO. 1360

where

.,

The coefficients are expressed

of T and w at-y= y-q as follows:
*

Define

Then

()
fk yc =

=

Y~)=a. a

in termsof derivative

T
fo(y)= . —

(W’p

.
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. ,.. . ,...,,

(Themethbdahop~ed“fk”~;;~~c~atio~’”of fk(a)(yl) from the

(J) and T3(j) iS @venvelocityand temperaturederivativesW1

it the,end of this ap~~~: )’-

From the e~ession for KU(C),

= Z.P.~(c) ‘“,“,‘ ““1.P.q~(c) . .
,.

()=A-flyc
..

‘1
R. F.~(c)+ =.co+c1a+c2u2 +. . . 5+ C>cl .

-L

where

=6fvi
.4 0 01

Y~
-1-
‘— J720

. .

,.-

so = ()~~Y1 +a2f3(y1)+ a3f4(’Y1) + akf5(y1)+ a5f6(yJ+ . . .

71
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- [2af3(JQ+3a2f@l).+‘3f5(yl) ”+-5a4f@J+● ● ●]

- [ti5,(YJ -f-*..]+- [kf6(Yl) + :..]

‘- %+1
dk=-

E - %.,~l(r+ l)!
do = 1.0

.

.

~,(k)

%=? e = O*4Q
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f

3-2
K@ =

‘I! “’/
~y4 (v - C)2

d ,,
“,.

. .

where

The velocityprofile w(y) ie approximatedby a parabolicarc
in the interval 0.40~ y -Yl~Y3 -Y~ and by a strai~t line

(w= Constant.
<%)) --

~ the ~~e~ y
3

- yl~ y - Yl&l. o.

The valueof 3’3 i.sdetermined3y @po~ing the conditionthat the

area mxierthe parabolic-arcstweight-Mns se~ent .squEIlsthe area
underthe actualvelocityprofile w(y) ~ the interval

O.hO~ y - yl ~ 1.0. The ~arabolicarc w = z + m(r - Y,)+ n(? - Y1)2

is determinedby the followingconditions:

when y =y4 <l,
,.

w = 1

W1 =0
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w= ()Try
J

(J)where w y is read off the velooityprofileof figures1 and 2.

The valueof Y4 ie chosenso thatthe parabolicarc fits the
veloc~tycurve w(y),closelyoverthe wideetpossiblerange.

For a = 1,

Therefore

ak‘Tl@k.+2+Jk+2)- ~~- 3,‘% ‘~](’k-:l+’k+~j-~%%+’k)

where

and
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~k is eva~uded by a~otimntlng w(y) by a parabolicarc as

fOllows:

[

m+-*(Y - YJ 1
33 -Y~

/2&3 4(-n).—. —
‘k-l‘= - *A ~ +.(’- yl)+n(y - ,$]~-’ 2k-2 A

where A . m2 - kzn.

M a controlin the calculationofm

z ak(k+l)Ck for K12(c), tie Is made of the fact that,frcm

the definitionof Z,. and J,.,

J0040

the seriesexpression

s L-

and therefore

/ak+l\ 1 k

The remainder
approximately

after N -termsin the seriesfor K12(c) is given

%y ..
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The real pa% of ~(c) is obtainedby combiningthe results
of (a) and (b);that is,

R.P. K1(C) .= ‘*P* ~dc+]: %,(c) -M:

(2)Evaluation of H~(c):

The integrandof this integralis flceeof s~guleritiesin the
re@on of the ccmplexy-planeboundedby y = 71 and Y = 72;

therefore E (c) ‘i.eevaluated.by purely-numericalintegration.The
iactualproceure employedfor the calculationof Integralsof this

t~e is as follows: (Theinte~al HI(C) servesas an illustrat-
ion. )

.

where

76
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and

(b}
the
the
is,

With the a~roximationthat the viscosttyvarieslinearlywith
absolutet~erature, the velocity w is the same functionof
nondimensionalstreamfunction ~ es in t??eBlasiusflow;that

.

,,
where ~ is definedby the relation d~ = Pwdq. (appendix B)..,,

Xhmthese relations

* since d~= lb dnB. Moreover,

where

for 0 = 1.
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(c) FinaU-yj fromthe relations give; in (b),

r “’””“
..~ .—

where b. is the valueof 6 ————— fw the B1.asiusflow. For
@ X*

the insulatedsurfaces, bo, whioh is somewhatarbitrary,was

ohomn aa 5.~; whereasfor the noninsti.tedsurfsees, b. = 6.OQ.

(me tiue of I% at qB = ~.~ is o.m; }fien~ = 6.oo,

% = o.~p. The valueof b for the tmmlated surfacesis the

value of n at which w = 0.9$3%;whereaO b“ for the noninsulwbed——
surfacesis the valueof ~ for which w,=b0.9975.) The advantage :

[

o“
of thisprocedurqis thatthe integrals V~ncl,~nare calculated -

!0
onceand for ~1.and the valueof”El(c) tiependsonlyuyon tile

valuesof b and c. E3 fact,

.

since

and
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A180,

f

b.

“ %a?5=bo-1”730
00. .

and.

See appendixB. (bcidentally,the lastrelationshowsthe effecti
of tree-streamMach numberand thermalconditionsat the solid
surfaceon the ‘tthiclm.esst~of the boundarylayer.)

(3) &aluationof IL-Jc):

I
‘2 T -M&r- C)2

L

y (w - C)2 ~
H2(C)=

Y~ (V-C)2 ’41 .T

.
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Define

.

.

f!

Y2 Y

E* (c) =
(77. c)*wti
.—

2 T
}71 Y~

(a) The inte@kL 1122(c) is evaluated by methods similar to thosa

alreadyoutlined.for.the evaluationof Hi(o). Thus

where

[( “) Y-,1M2

1

Y.-1T= T1- T1. l- ——----o ~.——_
2

~02%2.
. 2

*

.

The nine integralsin

numericalinte~ation

the expressionfor ‘1122(c) are evduahl W

usingSimpson?srule.

m
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(b)Define

Define

The integral ~12( c) is eyduated as follows:
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But

.

so that

(v - C)Q
.——

T

.

.



.. .. . . ..,., .

where

.

.,

and

. ..

/ , ““”
-b

br”cpdq ““ ‘“G(V; c) = —
T

l-j
.,

..

. .
. The lnte@al. P(c) iEIevsluatedby ntmlerica,linte~ation using

Sbpson’s rule;the requiredvalueeof w are read directlyoff
the velocityprofilesof ti~mes 1.and 2. F~lly$

%lp(d = K12(c1 H@ - p(o)

The integral HP,=(c) is evaluated. in exactly the same w.y

as K~(c) where

*(Y) =2+-- ~(, -ye)+-[r.,c): +...
c
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6.2. .okF+aQa4+noL~)‘“p”h-$’)]=‘o,.

(.+u b,a2 -I-‘Cla3 4 - pa~ - ~e2c’+ dla ~3& 4
Q.o-, o - 5a no)

where

()
~

W1‘ ,,
130=—

6 ““ “- “-”” ‘“- ‘“-”

()A3 +,B2
b2 = —-

()
2’

6, ‘1‘

.
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.

.

.

‘3=CY?9(W1’)2-’-)*.
f2(Jl)

as= 3f’o(Y~)

{

-–+’-2)-:-’}1 f2(fl)fo ‘(~1) + 1 f2(71)
ah=. —

3
[f)]f. Y~ 2 4 fo(yl)

\

1 f1(71)
co=- “-— “

9 fo(yl)

{

1 fl(%)
“= - ‘—’

9 fo(~l)

1’ ()
Tlt—A2-—

12 ‘1

1 fl(h)f o ‘(~1)-..—
9

[()]
f. Y1

2
L

.

1 JJJY1)

- T8 fo(yl)

9

+

fo(yl)

[

: +2” -y-’-

1 –--–R)+4?!?+:f’(rl) 1 fl(yl)
~o= - z fo(y~) 16 fo(yl)

+3

T!!T!
.1.1

3

()1

Tl ‘
--- 2—
Tl l?l ‘1

‘c)1

Tli Tl” 1’ 2
A3.’A2-. —-F —

‘1 ‘1 T1
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. .

1 f2 ‘(Y1) 1 f2(31)fo‘(71)
al =

— —.. — —– + E fo(~l).a~J

u fo(yl)

1.

.[

B2? 2
+-~ f -%’:

*.G “-?–.3 3

-!-

Tlw T1t
5——

‘1 ‘1
. . 4

3(-)1T2‘

‘1

,,

.,

.

.

.

.,
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.

‘o

1

‘z
[

‘2

T
+
2

3 ‘3
+

2

()1

T~ t
2—

T1

Tl” T1t 3

( )1

T1f
+5——. 4—

‘1 ‘1 ‘1 “

.

1 *l(Y1)
..—

wfo(~l)

1 *2(%-} ~
.—

()
20 f. yl

(

T1 ‘

)

“—

‘1

-L
—.

+ 3A*

“01T1’ 2
T1

+2—
‘1

.
2

,() ]

T11 !cf
27 -—.

1 ‘1
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.

~l(k)

%c=~
“1

%’ ‘Ak+l-_k - ‘,’.’
2 <k&6=-. .-

Aktt = Ak+l’ . A&t . iy~\

% “’=%+1’’-A2%”- ‘2-A/~’ - A<% ~ 4

3

2

6

Ic=zj

‘., . . ..

(m) =
%

.,.

.
. ...

— —

Bt
7 = a3A3 ‘ . .

,,. -,
.. . -, ‘.. .-

‘. . .

‘;= 2(A3’)2 + %%”

.

‘3% :
,. ,, “

,..

. . .B’
8 =,A3’*4.++$4’ ,,,“

.,
.-
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B9 . A42

mrlally,

R.P. H2(c) = R.P. HeU(c) +32U (c) .Mo~2(c)

M3(C) = M.@) - Mo~~2( c}

and
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(a) The inteaal ~2(c) is evaluatedin muoh the sameway

as H22(c);that ls,

where b. has the samemeaningas in the evduatton of %2(c)

and where

9

.

.

.
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The integralsin ~2(c) are eval~ted by numericalintegrat3.on

usingSimpsonfsrule. values of ~ a,~ takenfrom the tablein
apyendixB. ,..’, ,-

. {b) For convenience,the integral

fol.lowe2
~,(cl is transfamledas

where

It is recognized that
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Therefore

M#) ‘= qc) %12(4

By additidl transformations,the follotincequationsare obtained:

M@ =-JIJC) P(c) - Q(c)

where

Q(c) = :w;”-f’(w~c)’”J
or

The integral. Q(c) is evaluatedby numericalinte@ation
usingSlmpsonrsrule; P{c) is evaluatedin the calculation
of u=(c) .

The integral ~.~l(c} is obtainedin exactlythe sameway

as KU(C) and ~(c); “thatis,

.

9’
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.

(73( )[a3~”*l -1%&)~(a~,“
+6a ——

+ 3fo(YJ ~ + ‘a (a - 6) + ‘O(yl)

Finally,

R.P.

(5’)Evaluatim Of N3(c):

J
iY* ~

N3(c) = f

J

‘(w-c)*@. ‘2 T ~
—Q — ——

JY~ (w- C)* y~ ‘r y (k - c)*”
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; ‘,

It canbe “shownthat the secondand third.integralsare id.entdoal;
therefore

% “(c)2M02N32(c) + M. 34.N3(c)= N31(c)-

where

.
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“’[;:JT’’J-!)
where

.

The integralsin N34(c) are evaluatedby numericalintegration

-in a mannersimilarto thatWed in the evalwtion of’~2(c)~ and
so forth, Most of the integralswill alreadyhave been evaluated
in the calculationof Hi(c), 33p2(c),a~ ~~(c) ●

(b) For conpenlence,

/

Y2
T

N32(c)= —
Y1 (w - c)’

N32(C) is b~oken’doi~as follows:

{w - 6)’2
T (Yr2

,

!!YJ ~“ ‘( W-C)2 ‘2 T

OJ
I

~v ‘(w- c)’ 1
= —Q -y- Y2-YdY+ —

yl (w- C)2 k)— ~-Y@

1 yJ {w-Cp Y1 T

-,
,:
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Let
1

N32(c1 ~ N321(c] -1-N322(cJ - N323(c~ ,

where

. .

N323(c)=

Jr*wr-’y2 -””

Since y2 - yl = 1.0, wd ,

.

.

.

96



NACA TN NCJ. 1360
.

it is foundthat

.

where

,

and.

PI(c) is evaluatedby nm.eriwl IntegrationusingSimpson’smile.

DdH.ne

~322(c)= ;*,~(;(*2[(,2-,.)-(~-,l)J@
[

Since

97



and

it is recognizedthat

,,

[“1‘2(~ . #

‘3+
(c)= K12(c) HI(c) -

()]
—7

T
-Ylw

Yl

‘J‘Z(W- C)2 1’1 )/]_[y”yl)@=?J’,(w+‘.,=; ‘P(’wbcw+.’ .,:., -
T

Y1
.

“’r’’,r”j
The integral

1

‘2 (w ;C)2 (r - ~1) is evaluatedby nunerical

Y~
integrationin exactlythe sameway as N3~k(c)*

.
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The integral N~21(c) is transformed.9sfollows:

But
..

N321(c) = (1 - U)~JC) - J2U(C)

where

.
The integralJ2U(c) is evaluatedin tineseineway a= Kll(c). Thus
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,

( )( )%-1- (#cl3 1 ~co+loa o!2a 4JCI “+-a ~ -+U + 6a2c0-10a%. -
T

.

where

PI 1

{

fl’(Y1) %(nyo’(n)

%=~”-— 16 fo(yl)--
WI
f.“yl

2

1

%3 4 fl(yl) ()1 fp yl
Do=—+——

6 25fo(YJ‘o ‘ZG fo(yl)
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Finally

R.P.

(c)Defihe

?@ c) =

After several.

N3JC) =R.P. N321(cl +N322(c) -N323(cJ

.

-lmansformations,,the integral N31(c) is brou&lrk

into a more convenientform

where

The intewal N312(c) is evaluatedby numericalintegration

us- Stipaon’srule. ‘so.maof the Integrationshave ahead.ybeen
porfmmed. The integralis gtvenas
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The integral N311(c) is evaluatedti..exnctl.ythe sameway .
—

as Ku(c); that is,

()
1

( )]] [+Pofo’Yl --f’tYl -Go b(a - u)]% -2 ‘(a - a) A
(a - a)

1
i——
a-cf (A h-lc1+ : ,.(,.l) - J[;,o,o(irl)+;fl(yJ]+ :F

.,
.

m2
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.

.

.

.

.

2
(

2
+6 %..a— f ~ Y1 -~ fl’(yl)+a-3 f’(yl)+12 ~

\

.3.1 ()
{

1 m)]’
Pofl(yl)+ 3 f@l)

}

.—

)[ f2(YJ@J a 113 ~2c +=3
+— Pof@ -; %’(%.) -:
2 fO(yl)

.Ftl (YJ”- dD+c)

.

4-

I
,,

+ (a -.
[

U)3 :

-L
]4’0(+0

(}fo Zyo

~ (a - u)%

6

(a - u)f2(yJ - ~ (a -

.{
ln(a-u)+(a-a)3 In (a-a) ~; (a - CJ)%fl+rl)

17f(YJPOf2(Y1) + ;6 1
‘2 p(d]’

‘.z fc(Y~)

( )]
4Pofo‘ Y~-

E( )1
2

1 ‘Y1

f’o(YJ-

; ‘1(’1)’0}+&($fo(’1)-”3~# -; fo(’1)’o
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J

where

J“”
A=— 3 fl(yl)+ a“[:y@’J - PO%(%)]

‘“’Rffm-?ofl’w‘% -%)’1($)]

.

.

.

.

.
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&@J]2

-{ [1

, 64 2 fl(~l)fl‘(n) 1 fl(yl)2.—— -- —.
()

fot yl -3?0
3 fO(J-1) 3 fo(yl)

C=,. gf;;’ .,q,,,(,,) . ‘,(~.)fl(y.)
(

o\, -—
0 3 f J@

(Y3pl(@]2.. —
3 f~(YJ

p(n)]2
}f o(k) .

~= Pofl(Yl)+ ~of~(yl)-$ %(%)

in the

(~) and Tl(k) asevaluetmdin temuof VI

105
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fkyc’=

~ (r(l)
o ()yl =

where

1
——
@c’)2(k-l)k!

%=
.2go~ - --

%= (-2 gob ‘ + -%%)

.

.

.

[
-2 goA2

(m-l)
%=

+ (m - l)%+
(i-q

m!
+ . . , + —,——— q2

(m-r-l)
(m - r)!r?

*. ...*
1%-1*2

.

.

—

.

W6



where

1.—
2

and

S2(k) 3 ~ (k)
‘~ 2

.~A(k)
33

EW@ly,(m)

.,

‘ ‘m}(%)=&f’“g”+Wi)yl(:’‘ ; (T’f30Qy,{m)3

(m)” (=~Tivg+Wf ’
‘4 @l} 72 0 %)y:+&(,”.os2),:m) +b(Tf.os3)r:
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.

where

(k)
=3 ‘k) - 3C2(k)- $A~k) ()<k~s

‘3 3
=

(k) ~ 2 (k) ~(k) 0<k~2
+ 3134@)- 12c3(k)+-: i2@) +- ? =

‘4 “~%”

- 2(4k) - 5oD3(k).& ~ ‘k)
2 .,2

.
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.

.

.

.

(m)
%

(in)and Bk are definedas prev~ously.

C2(k)= B3(k) .~.~2(k+l) ‘



.
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.-

( .)(k) - ~ (k+l)
‘3

(k) . ~ ~2(k) + Ch
3 3

—

(k)=
‘2

~3(k) 1 ~ (k+l)
-y?.

Orderof Magnitudeof .31m@naryPartsof InteWals XS
‘3’

and N
3

Xn the detailedstabllLtyoalculatimns the contributfmsOR
the imaginaryparts of the.integralsH2, M

3’ X3’
and f30forth,

to the functton V(c) are consideredto be neQi@hle in comparison
with the contributionof the imaginarypart of ~(c} . A Calculatf~

of &he ordersof ma~itude of X,P.~(c), ~.?.M3(c), and I.P.N3(c) ‘

from the generalexpres~ionsgivenin the pPecedingps~s showsthat
this stepis Justified,at leastfor the valuesof Ehasevdocity c
that appearin the stabi,lltycalculations.

,
For example, .

.

I.P.H2(c)= r.P.~ll(c) ~:m%(wc’)efl(y)

1.1o
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where

.

.

1 ~3 -
A=- ——------ (4)+Oc

3C y’3 .*”’*
()

Therefore

-)

The coa’c.rilmtiond? 1.2?.U(c) to V(c) is egpnximately equal

[1

L

a ~3 ~’c
. —.— ,ldlera T=——0 1.?.KJc) ● The quantity into “O ~ Tl(xl‘j

‘1
“ the bracketsis of the orderof 0,03,at most, in the calculations
of the presentpape~. (In the appro=te ~cul.ationsof Re

cr~

for Mach numbersvery
7

greatertbm 1 - ~
M.

aii the resultsof the calcul.ation~of RScr~

w. ‘c
based on the approximationv(c) = ~. I.P,E(C) are

T.

correct(fig.7).)

From the expressionfor

uo that the contributionof

[1

~2c2
equalto T — . The

02vl?2
()

J-

qualiAttively

~2
N3(e), r.P.lY3(c)= — 1.2.Kjl(c],

2(WJ)2 –

I.F.Ii3(c) to v(c) ls-approfimate~y ‘

quantityin bracketsis of the order

of 0.06 at the moat-.



I’L2CATN Nc. 1360

J

fact,

and the contributionof I.J?.%(c) tQ v(c) 5.s.qfproximtely

[

-c6a2 1 J
equalto V.

J

The quantityin bracketsis of the
~m~2@~ ‘)2 “

orderof 0.001at naximxuuc. .
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CAICUIATIONOF MEAN-VELOC~ AND MEAN-TEWERATUREDISI?R3BUTION

AmES BOUNDARY SAYER AND TEE W3WCX!?Y A&~

DERIW!I!IVESAZ?~ SOLID -ACE

The mean-velocity and mean-temperature ~-roftles for the several
representativecasesof hsulated and rioninsulatedsurfacesare
calculatedby a rapid approfi.me%emethodthat givestineslopeof
the velocit;fprofilesat the surfacewith a maxhm.zmerrorof about
4 percentin the extremecase?for ‘tiichTl = 0.70 and M. = 0.70.

The surfacevaluesof the highervelocityderivativesand the
temperaturederivativesrequiredin the stabilitycalculationsare
obtaineddArectlyfrom the equatbns of mean mti.onin termsof the
calculatedvalua of the slopeof the ~elocityprofile. The Pmti%l
numberis takenas unity.

ld~n~elocity.T~eratme DistributionacrossBoundaryLayer

h a seminarheld at the Celif~a fistituteof Technology .
in 1942,the presentauthorhas shownthat a goodfirst.spproti-
mattonto the moan velocitydistributionacrosstho boumiax$layer
is obtsinedby assumingthat the viscosityvaxiesl.inoar.lywith
the absolutetemperat-ure.With this ase~mption,tie velocity w(~) ts

* -x
the sane functionof the nome~i~l streamfync%ion ~ a ————————.. —

i

—. .—
. . lJo*~o**

as in the Blasi~ case,and the correspondingdistancbfrom the
—..

vUo?w

Actually,tho a~proximationw(g) . ‘~(~) Is”thofirststagbof an
iterationprocessappliad.to the @ifforentialoqustioneof moan

showedthat,the i%oratlonpcoce~sis rapidly
tributlonof tho socofidterm to tlieslo~eof

.

3.3.3

—
convergent;tho con-
the vdocity prcfile
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at the surfaceis 5 percentfor

No. U@

‘1=I.X ana8
maXhaumerrorJ.n

yercentfor Tl= 2.00.

the slope i.mlzoduced

(Seereference15, in whichthe authorsmake use of a linear
viscosity-temperaturerelation. S00 alsoreferenco23.) ~

Tkt w(c)= f:%(t) for a linear

absolutetemperature5.sseen directly
motionin the laminarboundarylayer.
is axhx.naticallyEEltisfiodbytxdciwj

md

variationof viscositywith

from tho equationsof mee.n
“Theequationof continuity

—.’ ,

.—

Tho wbreamfunction,w and the distancoalongthe mrfaco x+ aro
selectedas indepcmdontvariahlosfollowingthe proccdur~of vm BKses,

of moan motionbeccmmsfar wro pressure

Definethe nondimensionalstreamfunction.~ by tho relation

Since p = ~ inthe boundarylayer,if’ w = T,

this fo~ ii identicaltith the equationfor the

114

followingform

thi dynaticequation

isothermalBlasius

in

.

-

.

.—
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from the surface, is obtaked as follows:

or

,-

,.

,-

Xfu=l, the ener~-end -C equati6nshave a uniqueinte~al and

as shownby Crocco. Thmef ore) “,, ..

But w(t) =W@, and
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&

‘f

73 .

/

7B

The integrals %~Bd~B - WE* dqB ae givenin the

bo o
followingtable,and the mean-velocityand.mean-temperaturepro-
filescanbe calculatedrapidlyby thi~method. (Thevalues

()
—

of 3W
,-

%*
are ueed.’”’inthe“approximatecalculationof ~ cr~n

(appendixC).)

0.00

%
.&l
.80

1,00
1.20
1.40
1.60
l.tkl
2.00
2.20
2.40
2.60
2.80

W
3.40
3.63
3.80
4.00
4.40 .
$.&J
5,20
~.t$

.

%

0.0000
.0664
.1328
.Y389
. 264?
.3298
.3938
,4563
.5168
;~-

.6!313

.7290

.7725

.8u5

.,8$60

.8761

.5x318

.9233

.9411
● 9555
*97’59
.9878
.9942
●9975
.9993

. .

[

nB
[= %~,d%

(
. ——

0.0000
.0066
.02.55
.0595
,1065
.1.660
.2385
.3236
.4210
.5302
.6508
.7821

.9231-
3..0733
~1.2319
1:3978 “
2..5702
l*74@
I..9306
2.1171
2.3067
2.6933
3.0863
3.4828
3.8812
4.2805

O,oooo
.0003
,0024
.0081
.o189
.0367
.0630
.0993
.1468

~ ,2064
.279
.3634
.).+648
.5776 .
.7034
.84u.
.9897

1. 14.~t3
1.3145
1;4884
1.6682
2.0419
2.4280
2.8211
3.21&
3.6167

—-

()awqB

0 ● 3320
.3319
.3314
.3300
.3274
.3230
.3165
.3079
.2967
.2825
,2663
.2483
.2280
.2064
.1835
,1618
.1408
.1.180
.0986
.0805
.0640

.

l_16
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. .
With the approximationmat p varieslinearlywith the

absolutetemperature,the slopeof the veloci~ profileat the
solidsurfaceis eimplyrelatedto We slope‘ofthe Blesiuspro-
file. Thus

or

aw 0.332
_=wr= —b
w 1 ~1

where b is the valueof q at the ‘!edgeigof the boundarylayer
(when w reachesanarbitrarilyprescri.bedvalue.closeto unity).
It is seen that the sneazzstressat the surface(or the skinfriction)
has the samevalueas in the Blasiuacase

. 117 .’
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The reliabilityof thisapprmimationcan
tionsof ‘&e skin-frictioncoefficientin

be judged
referenoe

from the oalcula-
24, in ldlicll

WCCT0”76. From fimre 2 of reference24, the valueof the slcLn-
$rictioncoefficien~foy an insulatedsu%ace at a Mach nwnber
of 3.0

(
Tl= 2,823

)
is mil;~X2 percentLomr than the Blasius

value and only2 percentlowerat a Mach numberof 2.0
( )
Tl= 1.81.

@or the noninmlated surface,with T1 . O.=, the valueof the
skLn-fiicticmcoefficientat M. = O is only7 percentgreaterthan
the Blasiusvalueand 12 percentgreaterat a Mach numberor 3.00.

Sincethe shearstress-atthe surfaceis unchangedin first
approximation, ‘tie bomik~-layer mcmentmmthicknegs has the same
velue eO for the BlaEIiusflow

I .—

The e~ression for the displacementthickmss * givesa measure
of the effectof the thermalconditionsat the solidsvrfaeoand
the free-streamlhch numberon thO thicknessa-the boundarylayer. ,
By definition,

II
—.q p

&*
\—

—= (1 - pw}an

l%om the relatim between

= ‘“73+(TL- ‘)’”’3‘ +’ “02-’7)
= 1.73TI + 7~ M02(0.6667)..

11J3

.

.

,

.
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1

For the B&sius flow

The.$’thlclumss’tof

-b= 5.60

-theboui.darylayer

&-
and the fomn parameter H = ; is

H= 2.50Tl + ~Mo2
.2

For the Znsulatetlsurface,

Calculationof Mean-velocityand Mean-T~eratme Derivatives

the

the
the

Beoauseof the sensitivityo: the statiilitycharacteristicsof

()

dw
laminarboundarylayerto the behavioro? We quantity s P ~ j

@
valuesof tinerequiredvelocityand temperaturederivativesat
surfaceare calculatedtirectlyMom the equationsof mean

‘alm (m =().76 for air). How —= ‘=’bpw sonotion, with v . T

Cl
J

(~ )
r

that tho C@ami,cequationis -h~w’ = wt . Since L(O)= L’(0)=0,
L
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where T1‘ ‘1 ‘
[

7 -3-’
2

M
2“”

( )]
- Tl”-l ,0

if

words,the valueof v,” is readily computed

‘WI(Mj-sdeterminedof w’.
1

Zn general,

u = 1. h other

from the value

from the relation

.

- ; (@’ ]k-2=(@w’) k-l

or

[

(i?=)
n

,,(k)= ’11 (k-l)+ (k-l)!- (k-l) –—wl z-— ~l(k-2)+
1 . . .

‘l— (k- 3) !2! ~lm

() (s)

1
(id “

(k-l)! ‘m 1 (P)
.— ~(k-s) +*60+ .1

‘(k-l -s)a! ~m 1 ‘1‘
1 Tlm

L

(IC-2)! ~(k-2-r)wl(r+l) (k- 3)(k-~) ~ ,, (k-3)

+ (k-2 -r)!r!
+...+——

2 1 ‘1 1
.

.
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. where

J.

(p-l)! (p-q-l)

+ (p - ‘1- ll:~:pl

p=l~2>...5

and

1

-i

Tl‘

‘1’ =-—
T:

(d ~
‘1

2(T1’)2 T;
=—- —

Pl” 2*13
T1

()~lr 3 Tll It
tIt %*’ ~

.6TJ— - —-—
%

T13
Tlk 2

‘1

●

✎

.9

. .

(p-l)
+ ‘1% 1
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T1‘Tlw

.

.(e) Itt

—- = (m,

%?”
()TIJ 3
—’+ 3.m(m-.l

Tlltr
-!—m—2]

3)

iv
()Tm— =(m,
T. m

()T~1 4
— + 6(m,
tn4

-+ =-----
T12

L

-1.

( -)T, ‘ 5
-—+ 1O(DL,
~,5

(&)T
—,- = (In,4)
Tl~

(Tlt)%l” ~(m, 2]

‘+— p(’’l’x%”)’

-L

-r

+
.m(m . 1)

1

vi.-
T1

+ dTIKplv + m-—
T.

T12
J-

M2
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(m, 2) = m(m - 1) (m - 2)
I

(m, n)=m(m- l)(n-2). ..(~)~)

m= 0.76 ‘ “ .“ .

(m, 1) = -0.1824 ,..

(m, 2) . 0.226176

(% 3) = -0.506634

(m, k) .1.641495

(m, 5) = -6.959939

T1‘ =awt1

where

7-1
a ‘—’’5(’.-’)2

y, = awl’‘: - 3(7 - l) Mo2wlrwln
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Each velocityderivativeis determ.tnedfrcmthe howlei@e of all the
precedingderivatives.

.
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APmlx c

RU?3DAPFROXIMNIWONTO T133FUNCTION (1 - 2A)v(c) AND =

MINWI CRITICALRFXNOIDSNUMBER

In section5, a
the minimumcritical

butionof mean
layer. It was

criterionwas derivedfor
Reynoldsnwnber Recr~

the dependenceof
on the localdistri-

velocityand
foundthat

dman temperate across the boundary

where co is the valueof c

W1’c
v(c) =- Yc———

‘1

for which (1 - 2X)y(c)= O.* and

=

‘1

(q’ yc - Y+ ~
L(C) =

(al
— --

87 T

c

=—- - 1
c
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A rapid method for the calculation of’the fmction (1 - =)V(c)
and theminimumcritical.Re~olds numberis developed.by -%
use of the approximationthat the viscosityvarieslinearlywith
the absolutetemperature(appenMx B). (Sincothe effectof
variableviscosityon themean-velocityprofileis overesttited
In thisapproximation,the valuesof Re~rm (fi~.6(a))calcu-

latedby thismethodare lowarthan the valuescalculate~for V= ~0.76

when heat is addedto the fluidthroughthe solidsurfaceand higher
whenheat is withdrawnfrcm the fluid.)

For w . T, the dynamicequation(appendixB) is

and therefore

/ a2w \

()t al’!=- —+-2 —
2 h

But

so that

126
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where

.

.

Ftially,

. .

()awThe required-valuesof %-B,
~ ~’

and g are

Tine
oncethe
Thus

appendixB.

smallcorrectionto the slope h(c) is
mean velocttyprofilehas been obta.inea

L

. .

O-~titieafrom the
. .

easilycalculated
(appentixB).

f k(o) = o

quantity (1 - 2k)v(c) has been calculatedas a functionThe
of c for various+aluesof”Tl at 110= 0, 0.70~1.30;1.50,,2.00~

3.00j and 5.00, and the resultsof thesecalculationsare givenin
the foU.owingtable. The decisivestabilizinginfluenceof with-.
drawingheat frcm the fluidat supersonicvelocities-fsill.ustrateti
ill f’i@Z’87.

lq-
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34.=0

0.70 0.1945
.80 .2695
●* .3485.

l.~ .5435
1.y3 1 .6240

3650
108Q
402
67
36

Mo = 1.30; c >0.231

O,$x) 0.2435
1.05 .4075
1.20 ,5170
1.3422 .5450
l.% .6355

9230
392
121
92
42

M. = 2.00; c >0.500

1.63
~.65
1.70
1.75
1.81.
1.85

o.50~4
.54z8

“ .6155
,6749
●7m5
.7612

~=5.m; c >0.800

$5.19 0.8008 12
5.20 .8036
5.30 .8262 23
5.75 .9008 6
6,0625 .9350 3

No = 0.70

,
0.70 0.1670

●W .23w
●W .3265

1.25 .5425
1.X .6265

8440
2110
613
~k
38

M. “=1.50; o >0.333

1.30 0.3450
1.35 ,}4’585
1.W ●5%5
1.4556 .6276
1.(%3 .7732

2770
“W5

?;
16

-—

2.48
2.52
2.62
2.72
2.77
2.8225

0.6730
m;

.8105

.82B

.8500

186
59
24
14
10
9

I
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,%- K!?PENEUXD-.

-..... .‘.,“ ..
.,._ - .. ~

>r...,!~’ . ..’-+. . . . . . . . ., ,”,
.. .. ..,. ‘. . ,. ., ..

..- .4. ~,:.... ., .;.. .. . . . . . ., --

q .M ~f~ ::;..‘:2.:;-. ,..:j..-:....1 .

~ odderto tleterminethe effectof free-etreamM oh number,
thermalconditionsat the solidsurface,or free-wbreampressure
~adient on Iaminaratehitity,it is necessaryto know the relation
betw~ thesephysicalpara’inetersand the d.istrtbutionof the .

Clw
quantity p ~

()

awacros~the boundarylayer. The value of g7PG

at the solid.surfaceie obtaineddirectlyfrom the timamicequation
~2 ‘ -

(equaticms (6.3) and (7.2)). The v~lueof —
()

~ dw
at the

Q2 G
surface,whichis also usefulin the discussionof leminarsta-
bility,is obtainedfrom the dpamic anclenergyqzations as
fOllovs:

. .
iw ‘‘‘ 2W1”TIt W1 ‘Tl’r2W1‘(TL‘j2

=—. -— -—. +—
‘1 T12 *12 T13

Differentiatin~the dynamtcequdion onceyieldsthe result

‘i ‘,. “

., ,~.

[

..

., 2rdz~‘if ()T1 ‘2 ~ TlifWrlf=
1 -—. tiz‘ m(m -“1)—+m -

Tl 2
%. TL

““ 1

Y29
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““\

‘Atthe solid

and the,rateat

,. .
#jjjj

surfacethe rate of changeof temperature—
at*

– ~~
which.the work is done’by pressure$Jcatient u* -

as
both vanish,and the rate at whicha fluidelementlosesheat by
conductionequalsthe rate at whichnechanioalener~ is transfomwd
Intoheathy viscousdissipation.The energyequationbeoo~s

or

()Tlr 2
Tl” = - 6(Y - l)Mo2(wl’)2. m <o

T
1

Utilizingthe e~~ession for W1’‘‘ and Tln gives.“

[(]d2 ~~t

[c!]

Ti’ d w!
()
W1f3—.~T=- 2(ln+l)— — — +t7(l+?ll)(7-

T~ dyT ~
1)M02 —

w 2
1 %

where

“
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From

Clusiom,

When
,’

[01

~2 ~,
this e~ression for — — the followingcon-

~2 T
1“’

%ihiohare utilizedin the stabilityana.lysls,are reaohed:

[(=)1d’

[01

az w’
vanishes,the quantity — —

G;l ~T1is

Stili.positive.“

When the free.stresmveloeityis uniform,

()Tll 2
2 Er+2(lHl)2c(1 +IQ)(Y - l)MO q ‘;

T12 : T,3
1

[ 01

.d2 w’
that is, — — ~Is dwacys positive.

2~
@ ,1

When the surfaceis insulated.,

.

[q

,C~2 ~,
( )-
~lr 3

—.
~2 T

= 9(li-nl)(7- 1)M02 —
2

‘1

[01

# ~,
and — — is always positive, regardless of the yressure .

~2 T
1

gradient. ,, - .,.

.

.
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APPENDIXE

CMXXIIATIONOF CRITICALMACE NUMBER FOR

OF IAMIXAR30WNDARYLAXE13

For themal equilibriumthe rate of heat conductionfrom the
gas to the solidsurfacebalancesthe rate at which.heatis radiated
from the surface. If the rate at whichheat is withdrawnfrom the
fltiareachesor exceedsa certaincriticalvalueat a givenlocal
supersonicMach number,the lami.narboundary-layerflow is stable
at allRe~olds numbers. (Seesection6b,) The purposeof the
followingbriefcalculationis to detemine the equilibriumsurfaoe
teoqwratureset severalMach nmibersand comparethesetemperatures
with the criticaltemperaturesfor Iaminarstability. (Seefig. 8.)

When the

J

IL

o

(1)

where c is the emi.ssivity,~ is the Boltzmsnnconstant,and the
othersymbolshave alrea~ been defined, (Seereferences14 and 15.)
Considerthe casein tiichthe free streamis uniformand the
temperatureis cmstant alongthe surface. For u = 1,

.

.

.

where sta~tion ten.qxwature Ta equals 1 + ~ - 1,M02*
2 .

.

132



NACA TN No. 1360

.

.

.

.

When the integrationsin equation(1) are carriedout,the fol.
lotig relationis obtainedfor the determinationof the equilibrium,
surfacetelqerature:

where

The
tions is

altitude
tudes of

.,

equilibriumsurfacetemperatureunderfree-fl.ightccmdi-
affectedprincipallyby the variatiicmh density T* with

. The resultsof calculationscarriedout for alti-
4,000 and 100,000feet are givenin the followingtable:

I
TB - T1 ,~ -,1

(:t)
MO equil

(fig.8~

0.370 0.355,

100 x -103, 2.0 ,220 . 181j

. ..
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In thesecdctibitdonsthe folloyingdata We used:-

L=2f%

~= 400°F abs,

“L4. WX1O 4’13 Btu/sec/ft2/(d.egF abs.) .

Cp = 7.73 Btu/sll~Ug F abs.

-ip= 3.0.2 x 10-7 slugs/f,t-see

a? = 980 ft/sec

p’= 3.61 X 10-4 Shlgsjftsat 50,000 ft

= 3.31 X 10-5 slugs/ft3at 100,000ft

K= 3.35 X10-4 at Xl,000ft

= 3.66X10-3 at 100,000f%

Since Ts - Tl >Ts-T1 ~r for MO w 3 at=50,000 feet ‘
equil

altitudeand for M. S2 ati100,0OOfeetaltitude,the laminar

boundarylayeris completelystableundertheseccmditions,

—

.

.

It shouldbe notedthat underwind-tmmel.testconditionsin
‘which,themodel is stationary,theseradiation-conductioneffects
are absent,not onlybecauseof reradiaticmfrom the wallsof the
wind tunnelbut,alsobecausethe surfacetemperaturesare low -
generallyof the orderof room temperature.
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AIECGZARYFUNCTIONS

xmDARY LAYERFOR ~ Sfm’w

c I x v L HI % % ‘3

~.o

0.0372 0.0000 o.obo4 0.0102“ 0.5= .O.* 0.0689 0.2999
.0744 .ml .co29 .0285 A;: .2740 .0604 .306k
.U5 .coo3 .0099 .0561 .2590 .0530 .3124 ~
.lW .0006 .0235 .0940 .3m .2433 .0460 .3161
.1857 .0012 .0462 .1430 .3499 .2278 .0403 .3m
.2226 .oo21 .0802 .2040 .3139 .2120 .0350 .3230
.2594 .0033 .1284 .2782 .2W .1958 .0301 .3217
.2960 .Ooy) .1937 .3670 .2505 .1797 .0s6 .3174
.3323 .0071 .2794 .4721 .2232 .1639 ,0217 .3084
.3682 .0098 .3896 .5960 .1987 .S!87 .Om .2935
.4037 .0131 .5286 .7418 .1770 .1350 .0139 .2708
.4143 .0142 .5767 .7904 .171.1 .1312 .0125 .2618

~ * 0.50

0.0362 -0.0000 -O.000k .0.0148 oa5122 0.2223 0.0443 0.1927
.0723 -.0000 -.0001 -.02s4 ;46$ .21.27 .04U1 .2086
.1085 .cool .0029 -.0244 .2019 ;::;; .2193
.1446 .0003 .0107 -.0169 .3847 .1904 .228!)
.1806 .0007 .0254 -.0003 .3474 .178g .0282 .2365
.=66 .co14 .0492 .0260 .327 .1662 .0249 .2420
.252? .0023 .W .0627 .2807 .1330 .0217 .2425
.2882 .0036 .1342 .13.03 .2513 .1390 .ol&3 .240%
.3237 .0054 .2010 .1695 .2246 .=47 .0158 .2X3X
.3588 .m76 .2=2 .2412 .2CX15 .11o4 .0128 .2179
.396
&

.0103 .4000 .3261 .1790 .0963 .0094 .1914
.4 .0137 .5407 .4247 .1602 .08& .0055 .1444
.4306 .0140 .5326 ,4327 .1589 .0816 .~l .1397
.4362 .0146 .5794 .4501 .1560 .0792 .0038 .=62

~ = 0.70

0.0353 -0.oxxl -0.0009.-0.03= o.w31 0.1839 0.0321 0.1484
.0703 -.ooca -.0Q24 -.059J .4599 .1786 .0300 .1652
.1058 -.0000 -.0025 -.0791 .4191 .17a .0279 .1819
.1410 .0001 .0006 -.0914 .W .1652 .02-57 .1*
.1762 .0004 .0090 -.0951 .3448 .1569 .02JJ .2128
.2u4 .ooc8 .0248 -.W .3113 .1478 .0209 .2259
..2464 .co15 .0%1 -.0741 .2802 .1379 .0187 .2358
.2813 .ca% .0872 -.0478 .2516 .1272 .0165 .2436
.3161 .0039 .1389 -.0098 .2255 .1157 .0142 .2466
.3%.5 .0058 .2082 .04E .2i)18 .1042 .0U8 .2&17
.3847 .0081 ..2985 .1067 .W6 .0925 .- .2272
.4185 .0109 .4137 .1886 .1619 .0813 .0052 .1987
.4352 .0126 .4821 .2363 .1534 .07& .0030 .1787
.@52 .0137 .5270 .2674 .1486 .0733 .cx)16 .16ti
.4559 .0149 .5790 .3027 .14s6 .0709 -.0002 .1575
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TABLEI -Conoludea

Auxn$mYmo!lmmsm ~ING ~ SlllBIXZ!lToFTE31JMmm

EmmDARY L&m I’m ImuMTED SLFO?ACE- Comluaed

a ?“ v L El-
‘2 % N3

Id.= O.$m

o.033k O.cixlo
.0667

-0.0015 -0.0503
-.0047

0.4816 0.1303 O.om 0.0909
-.0001 -.0972 .4422 J?& .ol& .1133

.1001 -.0002 -.c082 -.1389 .4049 .o@5 .1366

.1335 -.0002 -.o1o2 -.1746 ;:;@& .=3 .0182 .1594

.1669 -.0001 -.0090 -.2034 .1213 .017!3 .1825

.2c02 .0001 -.0029 --- ;m; .u63 .0166
.0006

.2055
.2335 .0098 -.2387
.2666

.U.03 .0157 .2252
.0012 .0312 -.2441 .2497 .1030 .0143 .2439
.0022 .063k -.2407 .2251 .0947 .0128 .2597

:% .Q334 .W6 -.2281 .2o26 .0855 .033.0 .2703
.3652 .m51 .1697 -.2063 .1823 .0759 .m .2674
.3976 .CQ72 .2496 -.1730 ~;6& .0656 .0060
.4296

.E15
.CO* .3518 -.1302 .0560 .00ZL

.4612
.2185

.0130 .4&5 -.0784 .1340
.4636

.0464 -.0036 .11+31
.0132 .4913 -.0744 .1330 .0463

.483.2
-.0040 .1373

.0153 .5788 -.0421 .1261 .0418
1

-.0076 .1004

M. s 1.1o

6.0990 -0.W03 -0.0140 -0.2037 ().l~o~ 0.0673 0.0012 o.om5
.1320 -.0004 -.0206 -.2630 .3682 .06% ,0038 .106!3
.1650 -.0005 -.0255 -.3166 ,3358 .0683 .0051 .1319
.1980 -.0004 -.0272. -.3640 .305+ .0667 .0058 .1598
.2309 -.0032 -.0232 -.4a49 .Fq70 .0632 .M64 ‘.&k
.2638 .0002 -,ox?j -.4396 .2506 .0’581 .0062 .2101
;g2 .om9 .0072 -.4680 .2263 .0516 .0058 .-3

.0018 ,0382 -.4906 .2040 .0431 .0047 .2416
.3616 .oo31 .- -.* .1837 .0333 .c031 .2454
.3938 .0049 .141~2 -.5239 .I.655
.4246

~o~~ .0005 .210
.0097 .2247 -.5516 .148 -.0032 i

.4372
.134

.0098 .3m -.5675 1350 -.0060 -.CQ87
.4836

076b
.0126 .4407 -.6112 .1245 -.0203 -.0157 -0737

.510k .0160 .5789 -.6875 .1151 -.0360 -.0230 -.23G

M*- 1.30 .

0.psk~ -0.0008-0,0$1 -O.s982 0.2487 0.0244 0.0003 0.=’
.2893 -.CQM -.o~ -.*O8 .22’55 .02B3 .0016 .2440
.3173 .ocol -.0364 -.6987 .2041 .0183 .0014 .26b4
.3488 .0009 -.0117 -.7430 .1843 .Olcq .0003 .w42
.3800 .W21 .o@ -.7856 ,@7 .0019 -.0016 .27(XI
.4111 .0337 .0790 -.83cm .1507 -.W9 -.0048 .2285
.4418 .Oofl .1508 -.@34 .1366 -.0236 -.0090 .rmb
.4721 .0083 .P41~9 -.9608 .1242 -.0404 -.0169 -.08a
.~m .01.14 .3652 -1.0977 .u36 -.0628 -.0294 -.l@3
.5072 .Oum .3893 -1.1334 .IU9 -.0671 -.~32k -.59n
.y416 .0167 .5777 -1.3074 .1020 -.0834 -:0549 -1.X80
.
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TAME II

AUXIHARY lUHCl!IOIS FOS OAICUIATIIC ~ STAB- OF ~

uMIKA2BwlmARY L#imRFo21io EIHWIATED ~A~

c x T
I

L El % b31~3

MO = 0.70;T1 = 0.70

0.0262 0.0056 cum; 0.0637 0.6102 O::m&
.0521

o.052k
.OI.12

0.2748

.077’7
.0949 .5725 .o~ ●-

.OI.66 .2466 .1184 .5367 .3045 .0481 IQ&
.1030 .0220 .3297 .1400 .5026 .2936 ●ok*
.I.281 .02’14 .4I46 .1632 .4703 .2828
.1s29 ,0327

.0433
.5023 .1504 .k3g6

.3380

.Iml
.=24 .0412

.0365
mg

;;$ .2130 .4191 .2651
.1726 .0370

.0395
.2163 .43.62 .2642 .Owk .3623

MO= 0.70;T1- 0.80

0.0237 0.0033 0.0486 0.0279 0.5954 0.28U o.okgs 0.1369
.ok72 .0066 .O*S m~7; :%
.0705

.2737 .0475 .1504
.0099 .1443 .2663 .0457 .1635

.0937 .0132 .l~ .0482

.1168
.4994 .2590 .0437

.0164
.1763

.2417
:%,

.4701
.1397

.25ti .0417 .1882
.Ol$q

.1625
.2926 .4420 .2%9

.0230
.0397 .2ml

.1851 .0263
.3457 .0789 .4152
.4017

.2363 .0378 .2110
.0982

.2Q75
.3897 .228?

.o~ .4614
.0359 .2z13

.1236
.?298 .0331

.3654 .2210 .0339 .23=
.5253 .1562

.2b09 .0349
.3424 .2133 .0321 .2400

.5592 .1754
.2475

.3313 .2094 .031.O .2443
.0359 .S801 .1877 .32b8 .2Q71 .0303 .2465

MO=0.70;T1=0.90

0.0433 0.0036
.0%3

0.051? 0.0051 0.5506 0.2410 0.0435
.0072 .1028

0.1426
-.0047

.Ugl
.4939

.OI.08
.2s04 .0404 .u538

.1568
.ln4

-.o11.1 .4414 .2191 .0370 .x
.o145 .217s

.s135
-.CQ79

.O*
.3930 .2074 .0337

.2885 ;~
.2032

.2551 .o~
.3487 .1951 .0304

.3746
.2203

.2%3 .0274 .4803
.3W .1825 .0272 .2339

.1073
.3s

.2715
.02~

.1698 .0240
.5426 ;%

.2462

.3268
.2547 .1637

.0312
.0224

.5762
.2517

.2b66 .Wn5 .0217 .2541

MO= 0.70:T1= 1.25

0.0346 -o.c916-0.0237J-0.0476
.0692

0.5100 o.1~ o.032k 0.1462
-.cm32 -.0476

.lobo
-.0797 .b678

-.0048 -.0698 -.10I.3
.171.O .0310 .1.634

.1389
.4276

-.0062 ..0886
.1661 .0292

-.1.132 .3896
J7&

.1738
.1600 .0272

-.0076
.208a

-.losn -.1155
-.0087

.3538 .1529
-.1085

.W1 .2108

.24s9
-.M81

-.oo~
.3202 .1448 .0228 .2238

-.1057 ..09E
.2789

.28% .1354 .0208 .2342
-.0101 -.0917 -.c645

●3138
.2597

-.OI.03 -.0641
.1249 .o185 .2402

-.0281
.3485

.2330
-.o1oo

.1133
-.0203

.o161
.0179

.2b09

.3831 -.0092
.loca .0139

.0427 %%
.2297

.4174
.0734

.I.286
.0870

-.CU79
.o113 .2069

.4512
.1373 .1668 .0728 .0083

-.0059 .2414 .m71
.16u5

.4846
.1495 .0042 .081.6

-.0031 .3859 .2770 .1345 :%% -.oo12 -.0601
.5092 -.0006 .53.84
.51$0

.3212 .1248
.0006

.0314 ..0067 -.2262
.5779 .3349 .1212 .0269 -.0’091-.3028
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a a R I % %
~.o

U.0372 0:0321 Z5,500,000 0.0038
.q44 .0=5

3,030,000
l,m,cm .cm2

.m .1103 2p%
178,m

.14% .m5 ::%
33,100

:2 .2146
9,880

.Zed3
32,6CCI .0255 3,ea
14,8W .0334

.a3*
1,760

.*
.39?3 ~,7’ .04q
.h535

917

.3323
.@o 526

.5707 2’ 63
.%%2 l%

.M79
.7243 .0862

329

.4037 .* 1:3*

.k143
.3J42 162

1.0770 1,2eo
.4143

153
1.2730 1,5?4

.4037
;E l&

1.2940 l,IMO
.3s=

.1540
1.1960 .1424
1.0400 Z%

:3
.12*

.8728 13,W .1039 ,S;
.2594 .7177 8,5~ ,0654 3,270

~ .0.50

0.0362 O.ml 36,6m,m O.mq 4,270,000
.0723 .033s 2,130,m .0063
.1085 .W8

248,axl

~g
.03.01 45,7’00

.1446 .12w

.lw
.0146

.1695
13,500

.2W
.01$)8 ?,190

.2ZL6 2+209
.2525

.OzM 2,360
lo,wl .0330 1,210

:%
;%: ;;% .041JJ 632

.fJm 416
.3* .5549 2,330 .“0647
~gg .6993

272
1,6=
1,230 :%? 3

.4305 :93 1,Zo
4362

.Ulb 142
1.03.40 1,19

.4362
.rL82 139

l.lseo 1,410
.4306 1.21-70

.I..-@ 16J
1,*

,4230
.1416

1.21.50 1,660 .lh16 194
1.I.24C 3,c& .1310

:Ef .qea 5,670 .3.141 %
.3237 10,800

:%%
.* 1,*

.2s32 21,1.00 .C&O 2,Ma
Ho. 0.7TI

0.0353 0.Olgl 9;:WM:2 0.C?322 6.lcO,Oxl
.O-W-5 .0415 .0047
.1058 .0s77

349,003
555,@3 .W 6403

.lklo .W la,om .(3U.2 &1 ,hoo

.1762 ;;7~ 61,100 ,m54 6,9MI

.2U.L W,300 .0202 .-

.2k6& h3,t3m ::%

.#313 :-%% 7,69 :s 872

.3161 .3570 4,573 .0408 %0

.3505 .4433 2,920 ~~ 331

:?2
.5515 1,960 2$4+
.6951 1,423 ,o’@ 162

43S2 .791-I 1,230 .qm4 N+l
.b&52 ,3655 1,160 mgg 132
.h5.59 .9704 W7

:%
1.I.2W ;g .lEe3 152
1.ma l@l 189

;4?? 1.M30 i*
1,O’rm

.1283 ‘a
2,670 .3.225

.3&7 .9361 4,810 .1072 $2
-35+35 .7965 .0910 1,o1o
.3161 .6659 ~%’ .0761 1,910

-.

.

.

--

—

.

.

—

.
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.

.

c a R I % I Re
S *o.~

0.0334 0.01.07 lll,om,ca
.0667

0.W12
.0248 5,96a,mo

3.2,600,0&l
.0028 6?~@&

.ml J&? 1,030,000

.1335
.0048

L%& O& %$~
.fw= 33,@M

:1186
.03.m 1.2,1cx)

.2335 .1s40
.0135

S;wl
5,2b

.26%
.Oln

.1961 I$?,loo

.24B
.!3Z23 tg

:22
7,020 .0280

.3652
.Y353 4,32U .0348
.3777 2,820 .0q30

M

.44538
3a

;:%
1,~ .W=9

.4612
1,klo

:%%
.0653 161

.b636
l,qo

.7396 1,080 Sz
w

.481.2 .8810

.h812
1,010 .mk :2

1.0130
.h636

.n54
l.ol.m

.463.2
?%% .3.153 1*

1.0070 1,820
.425K

.ma 207
.9027

.3976 ;g2
3,180
5,5W

.3652
:Z %

.33’26
.0757

L .5523 ~%
1,130

.f=a 2,100

~ .1.10

O.c$ql 0.0326 3,730,W 0.0909 618,000
.13ZI .0268

?
7 ,Ooo

.16so
82,SQ0

.0468 22 ,Ooo :%% 24,100
.QeO .0707 8#y&l
.2309 .W=

.0376 9,160

:2

? .Olln
.1329 .0143 ;:%
.1727 2,% .03.8s

.3292 6,260 .0237 ’23
,3616 :%% 3,S=Q .W

.O%i
:2:2

.3417 2,610

.4159
.4572

1,850 .0448
.5193 1,.350 ,C@b %

.4836 .6268 1,100 .0676

.5104 .eolo 991 .0%4

.5104
%

;g 1,220
,k836 ;g

w
2,060

x0e03
;%

3,3~
J?9~ .0732

g

.5766 J .0522 1,120

~’. 1.30

0.2541 0.0451 63,-
.2@ .083.8

0.c047 6,630
24,8$3 .* 2,570

.33-73 .lm2 12,3ccl .013 1,220

.34?32 .1636 6,990 .0170 pJ

.3&m .2132 4,280 .0222
.2707 2,200 .Cal

.L% .3377 1 30
‘t

.0351 E
.h721 .4166 1,m .0433 147
.Wm .5123 l,ULO .0532 U3
.5072 ;&g I,& .C452
.5416 .0789
.5416

:%
1,@a .0928 1%

.5072 2,310 .@@ 2bl

::’
.7592 ‘2,550 Jxgg 265
.6458 4,Wo
.5401 7,933 .C@l 829
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TABLE IV

PHASE VELOCITY, WAVZ FKMBER, AND REYNODS KLMBER lURllEUIRAL

SUBSONICDISTTESANCE(STKKUZTYLIMITS)FORNONYNSULNE3DSURFACES

c a R ae
I %

~ - 0.70;T1 -0.70

0.0262 0.0339 82,L.00,000 0.0041 9,900,000
.0521 .0734 5,360,000 .0088 644,~
.0777 .1188.. 1,110,000 .0143 133,000
,1030 .1708 371,000 .0205 44,600
.1281 .2308 161,000 ,0277 19,300
.1729 .3030 83,hoo .0364 10,OOO
.1701 .3670 57,200 .0441 6,870
.1726 .3777 54,400 .0454 6,5ho
.1726 .4986 69,000 .0599- 8,280
.1701 .4977 73,900 .0598 8,870
.15s_ .4732 121,000 .0568 14,500
.ml .4175 2’70,000 ;;$ 32,400
.1030 .3460 711,000 85,400
.0777 .2620 2,500,000 ,0315 300,000
.0521 .1713 14,600,000 .0206 1,750,000

~ = 0.70;T1 = 0.80

0.0’237 0.0237
?

1!37,000,000 0.0028 18,300,mo
.0472 .0504 9,91O,OOO .0059 1,150,000
.0705 .0804 1,970,000 .0094 230,000
.0937 .u38 633,000 .0133 73,700
.1168 .1509 263,000 .0176 30,600
.1397 .1923 la,ooo .0224 15,000
.1625 .2382 70,900 .0278 8,260
.1851 .- 42,600 .0339 4,960
.2075 .3510 27,500 .0409 3,200
.2298 .4237 18,8Qo .0494 2,190
.Plmg .4668 15,900 .0544 1,860
.2475 . .4962 14,500 .0578 1,690
.2475 ,6308 18,500 .0735 2,160
.2409 .6233.,. 21,400 .0726 2,500
.2298 .6056 27,200 - .0706 3,170
.2075 .5609 44,900 0654 5,230
.1851 .5062 77,400 .0590 9,010
.~62-5 ,4465 141,mo .0520 16,1+00
,1397 ;;:~ 280,000 .0446 32,600
.1168 630,000 .0369 73,400
.0937 .2489 1,690,000 .0290
.0705 .1822 5,890,000 .0212 Z;E

J .

I

.
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TABLE IV - Conolasd

WAm Nl15ER, MD IU71TTOLDSM’CMKERFORPHASE VELOCITY,

NEUTRAL SUBSONICDISFURBAN@ (STJWZJTY LIMTK3) FOR

NONINSOLATEDSURFACES - Conoluded

c
I a 1’ R I %3 I ‘e

M. = 0.70; T1 = 0.90

0.0433 0.0368 17,mo,ooo
.0863

0.0042 1,930,000
.0815 1,040,000 .0092 u8, m

.1291 .1353 200,000 .0153 22,70il

.1714 .lgg6 62,500 .0226 ;.g

.!a35 .2775 25,5m .0314

.2551 .3728 12,400 .0422 1:410

.2963 .49/30 6,970 .0563 789

.3M .5814 5,520 m6& 624

.3268 .6347 4,990 565

.3268 .7817 6,500 .0884 735

.3166 .7701 .0871 w

.2963 .7307 I.&% .0827 1,310

.2551 .6275 .O’lao 2,850

.2135 .5133 z;% .0581 6,820

.1714 .3972 .0449 19,200

.1.2gl .2858 ;:;% .0323 69,800
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Fig‘.1 NACA TN No. 1360
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NACA TN No. 1360 Fig. 2
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Rig. 3a NACA TN No. 1360
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NACA TN No. 1360 Fig.3b
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Figure 3.- Conoluded.



%

. . , .

‘ I 1



, . & .

.14

.lf

.lC

.OE

.m

.04

I I II J I I I 1“1 J
I . . ,

.02 ,! I‘1 I 1! ,.,’”

1-,11.1- : :, ,: ,, ,, .,. ,

n

(b) Insulatedsurfaoe. ~ ~ 0.50.

Figure4.- Oontlnued.

I

I



ore

“o ax) 400 Hxl m

(o) IM’UldMl UnrfMe.

Figaro4.- Omtbml.

mm Moo 1400. 16(M M&l moo

%

& = 0.70.

4

, , r ,



‘

.10

L!L$xixi” ,“:’dti. . .

m@M 4 ● - COlltimled.

1



‘e

%

(QI Emulated emfaoe. M. B L1o.

Fl~e 4.- COntlnne&

, * . r

.



1
,

H
z

%
.

‘e

.

“o 200 400 em m m moo 140D lmo lam moo

.-



ae

●

x

. x . ,



, 1 * # 1

x



%

.10

.08

●O6

.04

.02

n
“o 5

(1)

Fl&.ro 4*-

●
❆ ● r , T



, ,
4 .

. #

ae

“o m 430 m 000 low lixl 14& 1600 lmo !zwo

% NATlmAJ. mvlsoaY

()

camm—mEFob ARoumKG

(5’) Uotimhted SUIWMO. Mu = 0.70; Tl. 1.25; aT
% ~=~ < 0“

Fi@lre 4.- Contilmd.



“m

cd

m 4.-

● ✎

i! ,,

,. .
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Fig. 5 NACA TN No. 1360
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NACA TN No. 1360 Fig.6a
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tigure6.- Degendenoe of minimum orltlcal Reynolds number
on thermal oondltionaat solid eurface. Ho = 0.70.
T1 is the ra$lo of surfaoe temperature (deg aba.) to
free-streamtemperature (deg abs.).



Fig. 6b NACA TN No. 1360
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NACA TN No. 1360 Fig. 7

*

‘@cr~n

%
~lgure7.- Stablll%lngeffeot at mper60nlo Me.uhnumbers of

withdrawal of heat from rluld tmough eolld surfaoe. At
Oaoh ~alue of Ho> 1, there in a orltloal value Of Tl s T1

.-
euoh that for Tl 5 Tlor the lamlnar boundary-layerflow 1s”’”

stable ●t all TalueeortheRernoldenumber. (Cunee ror
MO = O and lto= 0.70 included for oomparleon.)

‘eormin
estimated rrom equation (s.g).# CJGT; ~ = 1.



NACA TN No. 1360 ~
mg. 8

1

@m
II

h’

Mgure 8.- Orltlaal temperature ratio Tlaw ‘or

stability of lami~ boun-ry layer a~kt
Maoh number Mo. in the ratio of atagnatlw

temperature (deg ab~.) to free-etream te~peratwe

(degabs. )=l+yj1M02 ‘ore ‘1”



NACA TN No. 1360 Fig.9
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